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t"*^ ■ Abstract. We give characterizations of test ideals and _F-rationaI singularities via (regu- 

^SJ \ lar) alterations. Formally, the descriptions are analogous to standard characterizations of 

f, . multiplier ideals and rational singularities in characteristic zero via log resolutions. Lastly, 

C^ ■ we establish Nadel-type vanishing theorems (up to finite maps) for test ideals, and further 

demonstrate how these vanishing theorems may be used to extend sections. 
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1. Introduction 

In this paper we define an ideal, in arbitrary equal characteristic, which coincides with 
the multiplier ideal over C, and coincides with the test ideal in characteristic p > 0. This 
justifies the maxim: 

The test ideal and multiplier ideal are morally equivalent. 

We state our main theorem. 



Main Theorem (Theorem 14.61 Corollary 14.81 Theorem I8.2p . Suppose that X is a normal 
^r^ ■ algebraic variety over a perfect field and A is a Q-divisor on X such that Kx + A is 

K^ ' Q-Cartier. Consider the ideal 

t^^ ' Here the intersection runs over all generically finite proper separable maps vr : Y — > X 

^^ ■ where Y is regular (or equivalently just normal), and the map to the function field K{X) is 

induced by the Grothendieck trace mapj Tt-^^ : vr^wy — > cox ■ We obtain the following: 

(a) IfX is of equal characteristic zero, then J = J{X] A), the multiplier ideal of {X, A) . 
ij (b) If X is of equal characteristic p > 0, then J = t{X; A), the test ideal of (X, A). 

5^ I Furthermore, in either case, the intersection defining J stabilizes: in other words, there 

is always a generically finite separable proper map vr : Y — > X with Y regular such that 

J = Image (vr^^yCi^y - tt*{Kx + A)) ^^ K{X)). 

In fact, we prove a number of variants on the above theorem in further generality, i.e. 
for various schemes other than varieties over a perfect field. 
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Of course, there are two different statements here. In characteristic zero, this statement 
can be viewed as a generahzation of the transformation rule for multipher ideals under gener- 
ically finite proper dominant maps, see |Laz041 Theorem 9.5.42] or |Ein97l Proposition 2.8]. 
In positive characteristic, a basic case of the theorem is the following characterization of 
F-rational singularities - which is interesting in its own right. 



Corollary (Corollary 3.6 cf. |HL071lHYll] ). An F-finite ring R of characteristic p > is 



F -rational if and only if it is Cohen- Macaulay and for every alteration (equivalently every 
regular separable alteration if R is of finite type over a perfect field, equivalently every finite 
dominant map with Y normal) f : Y — > Spec R, the map f^ojy — > ^R is surjective. 

The proof of this special case is in fact the key step in the proof of the main theorem in 
positive characteristic. The central ingredients in its proof are the argument of K. Smith 
|Smi97b| that F-rational singularities are pseudo-rational, and the work of C. Huneke and 
G. Lyubeznik on annihilating local cohomology using finite covers |HL07j {cf |HH92tlHYllt 
ISS12J ). The proof of the Main Theorem additionally utilizes transformation rules for test 
ideals under finite morphisms |ST10| . 

In this paper, we also give a transformation rule for test ideals under proper dominant 
(and in particular proper birational) maps between varieties of the same dimension. More 
precisely, for any normal (but not necessarily proper) variety Y and Q-divisor T, we define 
a canonical submodule T^{Y,T) C H^{Y, ffy i\ Ky + T~\)) . We use this sub module to obtain 
a transformation rule for test ideals under alterations. 

Theorem 1 (Theorem l6.8p . Suppose that vr: Y — > X = Speci? is a proper dominant gener- 
ically finite map of normal varieties over a perfect (or even F-finite) field of characteristic 
p > 0. Further suppose that A is a Q-divisor on X such that Kx + A is Q-Cartier. 
Consider the canonically determined submodule (see Definition \6.1\) 

T\Y, -Tr*{Kx + A)) C H^{Y, i?y{\Ky - Tr*{Kx + A))])) 

of sections which are in the image of the trace map for any alteration of Y . Then the global 
sections of t{X; A) coincide with the image ofT^{Y, —■k*{Kx + A)) under the map 

H\Y, &y{\Ky - TT*{Kx + A)])) ^^ K{X) 
which is induced by the trace Tr^ : ir^:Ojy — > ujx- 

We also prove a related transformation rule for multiplier ideals under arbitrary proper 
dominant maps in Theorem 18.31 

Perhaps the most sorely missed tools in positive characteristic birational algebraic geom- 
etry (in comparison to characteristic zero) are vanishing theorems for cohomology. Indeed, 
Kodaira vanishing fails in positive characteristic [Ray 78 1 . However, if X is projective in char- 
acteristic p > and _Sf is a "positive" line-bundle, cohomology classes z € W{X,^~^) can 
often be killed by considering their images in H^{Y, f*^~^) for finite covers /: Y — > X. 
For example, if i > and ^ big and semi-ample, it was shown in [Bhalll IBhalO] that 
there exists such a cover killing any cohomology class 77 € H'^{X,^~^) for i < dimX {cf. 
[HH92[ ISmi97cl ISmi97a] ) . When we combine our main result with results from |BhalO| , we 
obtain the following variant of a Nadel-type vanishing theorem in characteristic p > (and 
a relative version). Notably, we need not require a W2 lifting hypothesis. 

Theorem 2 (ITheorem 5.5|) . Let X be a normal proper algebraic variety of finite type over 
a perfect (or even F-finite) field of characteristic p > 0, L a Cartier divisor, and A > 
a Q-divisor such that Kx + A is Q-Cartier. Suppose that L — {Kx + A) is a big and 
semi-ample Q-divisor. Then there exists a finite surjective map f: Y — > X such that: 
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(a) The natural map f^i^YilKY + f*{L — Kx — A)]) — > 0'x{L), induced by the trace 
map, has image t{X;A) (8> i?x{L). 

(b) The induced map on cohomology 

H\Y, ^yUKy + riL -Kx- A)])) -^ H\X,t{X- A) ^x(L)) 

is zero for all i > 0. 

Applying the vanishing theorem above, we obtain the following extension result. 

Theorem 3 (Theorem 17. 6p . Let X be a normal algebraic variety which is proper over 
a perfect (or even F-finite) field of characteristic p > and D is a Cartier divisor on 
X. Suppose that IS. is a Q-divisor having no components in common with D and such 
that Kx + A is Q-Cartier. Further suppose that L is a Cartier divisor on X such that 
L — (Kx + D + A) is big and semi-ample. Consider the natural restriction map 

7: H'^iX, ^xilL - A]) -^ H^'iD, ffD{L\D - [AJ \d) ■ 

Then 

tO (D, L\d - {Kd + A\d)) Qj(t''{X,D + L-{Kx + D + A)) 

noting that T°{D,L\d - (Kd + A\d)) Q H^{D,ffD{\L\D - [AJId)!)- In particular, if 
T'>{D, L\d - {Kd + A\d)) + 0, then H'>{X, iFx{\L - A]) ^ 0. 

Finally, let us remark that many of the results contained herein can be extended to 
excellent (but not necessarily F-finite) local rings with dualizing complexes; in fact, this is 
the setting of C. Huneke and G. Lyubeznik in |HL07j . However, moving beyond the local 
case is then difficult essentially because we do not know the existence of test elements. For 
this reason, and also because our inspiration comes largely from (projective) geometry, we 
restrict ourselves to the F-finite setting throughout (note that any scheme of finite type 
over a perfect field is automatically F-finite). 

Acknowledgements: The authors would like to thank Bhargav Bhatt, Christopher Hacon, 
Mircea Mustata and Karen Smith for valuable conversations. The authors would also like to 
thank the referee for some very useful comments. Finally, the authors worked on this paper 
while visiting the Johannes Gutenberg-Universitat Mainz during the summers of 2010 and 
2011. These visits were funded by the SFB/TRR45 Periods, moduli, and the arithmetic of 
algebraic varieties. 

2. The trace map, multiplier ideals and test ideals 

Multiplier ideals and test ideals are prominent tools in the study of singularities of alge- 
braic varieties. Later in this section, we will briefly review their constructions together with 
those of certain variants - the multiplier and test module, respectively - related to various 
notions of rational singularities. In doing so, we emphasize a viewpoint that relies heavily 
on the use of the trace map of Grothendieck-Serre duality. In fact, the whole paper (par- 
ticularly Sections \5\ El and [7]) relies on some of the more subtle properties of this theory. 
First however we give a brief introduction to this theory necessary to understand the main 
results of this paper that does not rely on any of these more subtle aspects. 

2.1. Maps derived from the trace map. This section is designed to be a friendly and 
brief introduction to the trace map at the level we will apply it for our main theorem. 
Therefore, in this subsection we only deal algebraic varieties of finite type over a perfect 
field (although everything can be immediately generalized to F-finite integral schemes). 
More general versions will be discussed later in [Section 2.31 We will assume that the reader 
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is familiar with canonical and dualizing modules at the level of [KM981 Section 5.5] and 
|Har771 Chapter III, Section 7]. 

Suppose that vr : Y — > X is a proper generically finite map of varieties of finite type over 
a field k. A key tool in this paper is a trace map 

Tr^r : vr^wy — > lox- 

Here uy and ux denote suitable canonical modules on Y and X (which we assume exist). 
We will explain the origin of this map explicitly. Since any generically finite map can be 
factored into a composition of a finite and proper birational map, it suffices to deal with 
these cases separately: 

Example 2.1 (Trace for proper birational morphism). Suppose that it : Y — > X is a proper 
birational map between normal varieties. In this case, the trace map Tr^^ : tt^coy — > ujx can 
be described in the following manner. Fix a canonical divisor Ky on Y and set Kx = T^*Ky 
(in other words, ujy = ^xiKy) and Kx is the divisor on X that agrees with Ky wherever 
TT is an isomorphism). Then Tr^ffy{Ky) is a torsion- free sheaf whose refiexification is just 
^x{Kx), since vr is an isomorphism outside a codimension 2 set of X. The trace map is 
simply the natural (refiexification) map TT^:0'y{Ky) ^-)- i?x{Kx)- 

Exam,ple 2.2 (Trace for finite morphism). Suppose that vr: Y — > X \s a, finite surjective map 
of varieties. The trace map Tr^^ : vr^.wy — > ojx is then identified with the evaluation- at- 1 
map, TT^ijjy := M'omff^{'K^0y,ujx) — > ^x (the neophyte reader should take on faith that 
■K^ojy = J^omiff^{'K^0'y,ujx), or see [Section 2.31 and [Remark 2. 171 for additional discussion). 
Assuming additionally that vr : Y — > X is a finite separable map of normal varieties with 
ramification divisor Ram^, we fix a canonical divisor Kx on X and set Ky = 7r*i^x+Raiii,r- 
Then the field-trace map 

Tr^{y)/ir{x) : K{Y) ^ K{X) 
restricts to a map TT^ffy{Ky) — > ^x{Kx) which can be identified with the Grothendieck 
trace map (c/. jSTlOj ). 

Below in subsection 12.31 we will explain that this construction of a trace map is just an 
instance of a much more general theory contained in Grothendieck-Serre duality. We do 
not need this generality for our main theorem however. 

We now mention two key properties that we will use repeatedly in this basic context. 

Lemma 2.3 (Compatibilities of the trace map). Suppose that vr : Y — > X is a proper 
generically finite dominant morphism between varieties (or integral schemes). Fix TrT^ : 
T^^ujy — > ujx to be the trace map as above. 

(a) If additionally, p : Z — > Y is another proper generically finite dominant morphism 
and Tip : /9*a;^ — > ujy is the associated trace map, then Tr^^ o(7r^, Tr^) = Tr^rop- 

(b) Additionally, if U ^ X is open and W = it~^{U), then Ttj^i^^ = Tr^^ \w- 

Proof. These properties follow directly from the definition given. D 

Because much of our paper is devoted to studying singularities defined by Frobenius, 
utilizing ILemma 2.31 we specialize [Example 2.2| to the case where vr is the Frobenius. 

Example 2.4 (Trace of Frobenius). Suppose that X is a variety of finite type over a perfect 
field of characteristic p > 0. Then consider the absolute Frobenius map F : X — > X, this 
map is not a map of varieties over k, but it is still a map of schemes. Using the faclQ that 



Which the reader should take on faith for now, or see Example 12.151 



F-SINGULARITIES VIA ALTERATIONS 



Jforriff^ (F* 



^x,wx 



F^ujXi and applying Example 2.2, we obtain the evaluation- at- 1 



trace map, 

Tr^ : F^wx — ^ wx- 
Because of the importance of this map in what follows, we will use the notation ^x to 
denote Thip- As an endomorphism of X one can compose the Frobenius with itself and 
obtain the e-iterated Frobenius F^. It follows from lLemma 2.3T a) that Tri^e then coincides 
with the composition of Trj? with itself e-times (appropriately pushed forward). Because of 
this, we use (^\ to denote Thipe . 

Now we come to a compatibility statement for images of trace maps that will be absolutely 
crucial later in the paper. This is essentially the dual statement to a key observation 
from |Smi97bj . We will generalize this later in Proposition 2.21 and also in the proof of 



Proposition 4.2 



Proposition 2.5. Ifn'.Y — > X is a proper dominant generically finite map of varieties, 
then the image of the trace map 

Jj, := Tr^(7r*WY) C ujx 

satisfies ^xiF*Jn) ^ Jn- 

Proof. Consider the commutative diagram: 

F 




where the horizontal maps are the Frobenius on X and Y respectively. 
ILemma 2.3r a) that there is a commutative diagram 



It follows from 



-F*7r^,a;y 



F,Tr^ 



7r,<I>y 



-^ vr^cjy 



Tr, 



F*u)x 
The claimed result follows immediately. 



-^UJX- 



D 



2.2. Pairs. The next step is to extend the trace map to incorporate divisors. Suppose that 
X is a normal integral scheme. A Q-divisor F on X is a formal linear combination of prime 
Weil divisors with coefficients in Q. Writing F = ^ biBi where the Bi are distinct prime 
divisors, we use [F] = ^[6j]i?j and [FJ = Yll^il-^i to denote the roundup and rounddown 
of F, respectively. We say F is Q-Cartier if there exists an integer n > such that nT is an 
integral (i.e. having integer coefficients) Cartier divisor, and the smallest such n is called 
the index of F. An integral divisor Kx with 0'x{Kx) — uix is called a canonical divisor. 

Definition 2.6. A pair {X, A) is the combined data of a normal integral scheme X together 
with a Q-divisor A on X. The pair {X, A) is called log-Q-Gorenstein if Kx + ^ is Q-Cartier. 

We emphasize that log-Q-Gorenstein pairs need not be Cohen-Macaulay. 

Convention 2.7. For X normal and integral let A be a Q-divisor on X. The choice of a 
rational section s € oJx gives a canonical divisor Kx = Kx,s = div s and also a map cox Q 



UJx< 



)K{X) ^^ K{X). Then the image of the inclusion ujx{-Kx,s - [AJ) ' "^^ ) K{X) 



F-SINGULARITIES VIA ALTERATIONS 6 

is the subsheaf ^x(— L^J) — ^'^i-^)- Note the image is independent of the choice of s but 
the inchision maps for different sections may differ by multiphcation with a unit of ^x- 

Hence, every i^x-submoduleof wjjc(— [i^x+AJ) corresponds uniquely to an i^x-submodule 
of ^x(— L^J) (o^ even C ^x when A is effective). As such, we have chosen to accept cer- 
tain abuses of notation in order to identify such submodules. For example, we may write 
u}x{—[Kx + AJ) C K{X) (or C ffx when A is effective); however, while it is canonical as 
a subset (and equals ffxi—[^\)), the actual inclusion map involves the choice of a section 
(and is well defined only up to a multiplication by a unit of ^x)- 

We now state a result incorporating divisors into the trace map. 

Proposition 2.8. Suppose that vr : Y — > X is a proper dominant generically finite mor- 
phism between normal varieties, and let A be a Q-divisor on X such that Kx + A is 
Q-Cartier. Then the trace map of tt induces a non-zero map 

Tr,: 7r,ojY{-[7T*{Kx + A)J) -^ ujx{-[Kx + AJ) . 

Proof. This result is simple based upon Examples 12. H and 12. 21 and so we leave it to the reader 
to verify. We carefully prove a more general result in Propositions 12.13112.18] below. D 

2.3. Duality and the trace map. This section restates the results of the previous section 
in the more general language of dualizing complexes. While these results will be important 
for generalizations of our main theorem and for some of the Kodaira-type vanishing the- 
orems, they are not needed for the main result stated in the introduction. Therefore, we 
invite the reader to skip the next section and instead read ahead to [Section 2.41 

From now on we assume that all schemes X are Noetherian, excellent, separated and 
possess a dualizing complex co^. This is a relatively mild condition, since, for example, 
all Noetherian schemes that are of finite type over a local Gorenstein ring of finite Krull 
dimension have a dualizing complex |Har661 Chapter V, Section 10]. By definition, |Har66l 
Chapter V, Section 2], a dualizing complex on X is an object in L'^^jj(X) which has fi- 
nite injective dimension and such that the canonical map ^x — > YL^omyi'^' ,w' ) is an 
isomorphism in D^^^^{X). 

Since dualizing complexes are defined by properties in the derived category, they are only 
unique up to quasi-isomorphism. But even worse, if u;' is a dualizing complex, then so is 
u' ®.^[n\ for any integer n and line-bundle .^. But this is all the ambiguity there is for a 
connected scheme: if il' is another dualizing complex then there is a unique line-bundle .if 
and a unique shift n such that VL' is quasi- isomorphic to w' (g) ^[n], see [Har661 Theorem 
V.3.1]. The ambiguity with respect to shift is the least serious. For this, we say that a 
dualizing complex on an integral scheme (or a local scheme) is said to be normalized if the 
first non-zero cohomology of uj\^ lies in degree (— dimX). 

A canonical module ujx on a reduced and connected scheme X is a coherent i^x-module 
that agrees with the first non-zero cohomology of a dualizing complex Ijo'^. In particular, 
for a normalized dualizing complex uj'-^, its (— dimX)-th cohomology uJx '■= h~^^^-^u}\^ is 
a canonical module; since it is the first non-zero cohomology there is a natural inclusion 
cjxidimX] ' — y uj'-^. If X is Si, i.e. satisfies Serre's first condition, then ujx is S2 by |Har07t 
Lemma 1.3]. Also see jKM98t Corollary 5.69] where it is shown that any (quasi-) projective 
scheme over a field has an S2 canonical module. We also note that if X is integral, then 
UJx can be taken to be the S2-module agreeing with the the dualizing complex on the 
Cohen-Macaulay locus of X. 

We shall make extensive use of the trace map from Grothendieck-Serre duality, see 
[ConOOl [Har66j . For S a base scheme, Noetherian, excellent, and separated, we consider the 
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category Sch5 of 5-schemes (essentially) of finite type over S, with S'-morphisms between 
them. We assume as before that S has a dualizing complex ujg . Then Grothendieck duality 
theory provides us with a functor /■ for every 5-morphism /: Y — > X with the properties 

(a) ( )• is compatible with composition, i.e. ii g: Z — 5> y is a further 5'-morphism, 

then there is a natural isomorphism of functors (fog)' — g' ° f' which is compatible 
with triple composition. 

(b) If / is finite type, and uj^ is a dualizing complex on X then f'U}^ is a dualizing 
complex on y. If additionally / is a dominant morphism of integral schemes and 
u}^ is normalized, then /'OJ^ is also normalized. 

(c) If / is a finite map, then /■( ) = YiM'om'^ [f^i^Y, ) viewed as a complex of 

i^y-modules. Note that the right hand side is defined for any finite morphism, not 
just for an 5-morphism. 

Therefore we may define for each 5-scheme X with structural map ttx '■ ^ — > S the dual- 
izing complex uj^ := tt'j^lj^. After this choice of dualizing complexes on Sch^, the compat- 
ibility with composition now immediately implies that for any S'-morphism / : Y — > X we 
have a canonical isomorphism f'U}^ = Wy. 

Remark 2.9. In the remainder of the paper, the base scheme 5 will typically either be a 
field, or it will be the scheme X we are interested in. Note that in either case the absolute 
Frobenius map F : X — t- X is not a map of S'-schemes with the obvious choice of (the 
same) structural maps. However, using the composition F : X — > X — > S, we do obtain a 
new S'-scheme structure for X and so we view F : X — > X as a map of different S'-schemes. 

A key point in the construction of ( )■ is that for /: Y — > X proper there is a natural 

transformation of functors 

called the trace map which induces a natural isomorphism of functors in the derived category 

R/,R^omy(^' , Z'^- ) -^ Rjromy(R/*^- ,^- ) 

for any bounded above complex of quasi-coherent ^y-modules ^' and bounded below 
complex of coherent ^x-modules ./K* . This statement, which expresses that /• is right 
adjoint to R/* for proper /, is the duality theorem in its general form. 
Applying trace map to the dualizing complex oj^ we obtain 

(2.10) Ttf. : R/.wf ^ R/*/'wx -^ ^x 

which we also refer to as the trace map and denote by Trj» . Equivalently, by the duality 
theorem, the trace map is Grothendieck-Serre dual to the corresponding map of structure 
sheaves /: ffx — > ^f*^Y- The key properties of the trace relevant for us are 

(a) Compatibility with composition, i.e. ii g: Z — > Y is another proper 5-morphism 
then Tr(jog). = Trj- oTr^- . 

(b) The trace map is compatible with certain base changes. In general this is a difficult 
and subtle issue (see |ConOOj ): however, we will only need this for open inclusions 
U C X and localization at a point, where it is not problematic. 

(c) In the case that / is finite, Trj» is locally given by evaluation at 1, 

Trj- : Kf^f-uj'x = R/*R^om^^(/*^y, wj^) — ^ uj'x 

For a proper dominant morphism vr : Y — > X of integral schemes, the trace gives rise to 
maps on canonical modules as well (not just dualizing complexes). Taking the (— dimX)-th 
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cohomology of Tr^r- : R'7r^,Li;y — > u^ gives 

(2.11) Tr^. : h"'l'"^^(R^,L^y) -^ h^^^'^^wj^ =: ux 

which we will also denote by Tr^r- . Further composing with the inclusion a;y[diniy] — > ujy 
then gives 

(2.12) Tr^ : h^™^-'i"^^R^,a;y -^ h-^™^R^,wf ^^^^^ ujx 

which we also refer to as the trace map and now denote by Ttt^. Note that the above 
construction remains compatible with localization on the base scheme, which we make use 
of below in showing under mild assumptions that this trace map is non-zero. 

Proposition 2.13. Ifir-.Y — > X is a proper dominant morphism of integral schemes, then 
the trace map 

ir^ : n K,7r*cjy — > ujx 

is non-zero. 

Proof. To show the statement we may assume that X = Specif for K a field. The 
map El'^(y, Wy) = h^RTT^Wy — > uj'^ = K is non-zero as it is Grothendieck-Serre dual 
to the natural inclusion K — t- H^{Y,i?Y)- Hence it is sufhcient to show that the map 
h ™ (Rvr^^wy) — > h'^(R7r*a;y) is surjective. If Y is Cohen-Macaulay, i.e. c<;Y[dimy] = 
cjy, we are done. More generally consider the hypercohomology spectral sequence E2 = 
H^Y^h^ojy) =^ H*+J(y,wy). The only terms contributing to ]H°(y,wf) are F*(y,h^wf) 
with i-\- j = 0. In the next lemma, it is shown that dimsupph-'wy < —j for j > — dimY, 
which hence implies that H'^^^^ (Y, uy) = h'^'™^(R7r*CiJy) is the only non- vanishing term 
among them and thus surjects onto h'^(R7r*a;y) as claimed. D 

Lemma 2.14. Let {R,m) be an equidimensional local Si ring of dimension n with normal- 
ized dualizing complex wjj. Then 

dimsupph~-^c;jjj. < j 

for j < n. 

Proof. By local duality h^wjj is Matlis dual to r,n(-R) which by the Si condition is zero. 
This shows the lemma for j = 0, and hence in particular for n = 1, so that we may proceed 
by induction on n. 

Assuming that 1 < j < n, if dimsupph~-'a;jj = we are done. Otherwise, we have 
c = dimsupph~-'a;jj > and can take p 7^ m to be a minimal prime in the support 
of h~-'wjj with dimi?/p = c. Since dimi?p = n — c < n, we have that (i^jj)p[— c] is a 
normalized dualizing complex for Rp. Thus, by the induction hypothesis it follows 

= dimsupph~-'(c<jjj)p = dimsupph~-'''"'^(a;jj)p[— c] < j — c 

so that c = dimsupph~-5'a;jj < j as desired. D 

We address now a particularly subtle issue surrounding the upper shriek functor and 
Frobenius. 

Example 2.15 (Trace of Frobenius and behavior of dualizing complexes). A particularly 
important setting in this paper is that of a scheme X essentially of finite type over an F- 
finite base scheme S of positive characteristic p {e.g. a perfect field of characteristic p > 0). 
This means simply that the (absolute) Frobenius or p-th power map F : X — > X is a finite 
morphism, and hence proper. Thus we have the "evaluation at 1" trace map 

TriT- : F^F-uj'x = F*R^omx(-P*^x, ^x) -^ ^x ■ 
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However, note that since the Frobenius F is generally not an 5-niorphisni we do not have, 
a priori, that Fuj^ = co^. This needs an additional assumption, namely that this property 
holds for the base scheme S. Using a fixed isomorphism F'cog = oj'g, the compatibility of 
( )■ with composition in the commutative diagram 




shows that indeed 

F! • r\j T7<1 ! • r\j ! T7<\ • r-^ ! • rs-/ • 
UJx = r IT OJg = TT r COg = TT OJg = UJ -^ ■ 

Convention 2.16. For simplicity, we will always assume that all our base schemes S of 
positive characteristic p are F-finite and satisfy F'ojg = uj'g for the given choice of dualizing 
complex cjg. This is automatic if S is the spectrum of a local ring [e.g. a field). 

Remark 2.17. The assumption F'u'^ = co'g is convenient but could nonetheless be avoided. 
Notice that regardless, F-uj'g is a dualizing complex, and so it already agrees with cog up to 
a shift and up to tensoring with an invertible sheaf. It is easy to see that the shift is zero 
since F is a finite map, thus we have F'Ug = cjg ®es ^ fo'^ some invertible sheaf ^ . One 
option would be to carefully keep track of J£ throughout all constructions and arguments 
- this we chose to avoid. In any case, if one is willing to work locally over the base S (as is 
the case with most of our main theorems) one may always assume that F'lo'g = uj'g simply 
by restricting to charts where ^ is trivial. 



Proposition 2.8 and Proposition 2.13 can be combined as follows. 

Proposition 2.18. Suppose that vr : Y — > X is a proper dominant morphism between 
normal integral schemes, and let A be a Q-divisor on X such that Kx + A is Q-Cartier. 
Then the trace map of it induces a non-zero map 

Tr.: h<^^-^"'i'-^R7r,L.y(-L^*(i^x + A)J) -^ ujx{-[Kx + AJ) . 

Similarly, if additionally tt*{Kx + A) is a Cartier divisor, then we have another non-zero 
map 

TV,. ■.\i~'^^''^7:,Uy{-[TT*{Kx + A)\) -^ ux{-[Kx + A\) . 

Proof. The difficulty here lies in that ^Kx + AJ need not be Q-Cartier. To overcome this, 
let U = — > X be the regular locus of X, then we have the trace map 

n ±t,7r*LL'7r-i((7) > ojjj 

which is just the restriction of ()2.12p to U . Tensoring this map by the invertible sheaf 
i^u{—\_{Kx + A)J), we have by the projection formula 

h^"'''~'''°^''R^*^.-i(C/)(-vrl(Ax + A)J) -^^f;(-L(Kx + A)J) . 

Since — vr* \_Kx + AJ > — \t:*{Kx + A) J on U (where again \_Kx + AJ is Cartier), we have 
an induced map 

(2.19) h^^-^-'i"-^R^.a;,-i(f;)(-Lvr*(Kx + A)J) -^a;^(-L(Kx + A)J) . 

Applying i* ( ) to (|2.19p and composing with the restriction map 

j^dimr-dimXj^^^^^(_^^*(^^ + A)J) ^ i,h<^i-^-d'-^R7r,a;,-i(^)(-L7r*(Kx + A)J) 
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now gives the desired first map 

Tr,: h-^'^'^RTT^uvi-lTT^Kx + A)\) ^ uxi-[Kx + A\) 
by noting that i^uiu{—[{Kx + ■^)J) = ^xi—[{Kx + A)J)- To see that Tr^^ is non-zero, 



locahze to the generic point of X (where Kx + A is trivial) and apply Proposition 2.13] 

The construction of the second map Tr,r* is similar, rather starting from ()2.11|) in place 
of (I2.12p . Notice that we require that 7r*{Kx + A) to be Cartier so that we have a means 
of interpreting ujy{—Itt*{Kx + A)J). Since Tryr- agrees with Tr^r generically by the proof 
of Proposition 2.13, this map is again non-zero. D 



In the previous Proposition, we studied trace maps twisted by Q-divisors. In the next 
Lemma, we study a special case of this situation which demonstrates that sometimes this 
trace map can be re-interpreted as generating a certain module of homomorphisms. 

Lemma 2.20. Let X be a normal integral F-finite scheme. Suppose that A is a Q-divisor 
such that {p^ - l){Kx + A) = div c for some e > and 7^ c G K{X) . If ^\: F^ux — > oox 

is the trace of the e-iterated Frobenius, then the homomorphism (j){ ) = <&3c(-^*c ' ) 

generates IIom^-,^(F^^^x(r(p^ — 1)'^1)5 ^x) os an F^ffx-module. 

Proof. Essentially by construction (and the definition of a;J^), we have that $3f generates 
Hom^^(F^^a;x, wx) as an F^^^x-module. Using the identification ojx = ^x{Kx) we may 
consider $3(: to generate 

Hom^^(F,^^x((l -/)i^x), &x) = Hom^^(F>x,^x) • 

But then multiplication by c induces an isomorphism ^x((p^ ~^)A) — — > ffx{{^ —p'^)Kx) 
(note (p^-l)A is integral), so that ^x{F^c-_) generates Hom^-^,(F^^^x(r(p''- 1)A]), &x) 
as an F^^x-module as well. D 

A main technique in this paper is the observation that the images of the various trace 
maps TrTT are preserved under the trace of the Frobenius. We will show this now for 
Tttt: h ^'^ i?7r*a;y — > cja'- We will obtain a partial generalization involving Q- 



divisors within the proof of Proposition 4.2 



Proposition 2.21. //vr: y 
of the trace map 

satisfies ^x{F*Jn) ^ Jn- 



X is a proper dominant map of integral schemes, the image 



Tr,(h'^""^-d^'°^R7r,a;y) C ujx 



Proof. Since Frobenius commutes with any map, we get the following diagram for which we 
consider the corresponding commutative diagram of structure sheaves 



Y 



Y 



^X 



^X 



Rtt* 

Rtt.F 

F^RTT: 



-F,7 



K 



Applying duality now gives the following commutative diagram of trace maps 

Tr^- 



(2.22) 



Rvr*^;- 



Y 



-J-W 



X 



F^YiTT^^Uy 



F,Tr^- 



Tr, 



->F*w 



X 
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Taking the (— diniX)-th cohomology and composing with the inclusion a;y[dimy] — > uoy 
on the left, we get a diagram 

(2.23) h'i''^^-<^™-'^R7r^wy > h-'i^^^Rvr^cjy '^ > ojx 



^dimy-dimXj^^^^ 



Y 



where the left vertical map exists since F is finite and hence F* is exact. The horizontal 
composition on the top is Tr^ and the image Tr^(h*^'™^~'^'™''''i?7r^,a;y) is J^ C ux- By the 
exactness of F* , the horizontal composition on the bottom is -F* Tr^r and we get that F^, J-,^ 
is the image, and the result now follows. D 

2.4. Multiplier ideals and pseudo-rationality. 

Definition 2.24. |LT81j We say that a reduced connected scheme X is pseudo-rational if 

(a) X is Cohen-Macaulay, and 

(b) 'k^ujy = 00 X for every proper birational map vr : Y — )■ X. 

Furthermore, if there exists a resolution of singularities vr : Y — \ X, then it is sufficient to 
check [(b)] for this one map vr. 



If X is of characteristic zero, this coincides with the classical definition of rational singu- 
larities via Grauert-Riemenschneider vanishing |GR70] . In positive or mixed characteristic, 
it is a distinct notion. 

Remark 2.25. It was remarked in |GR70j that if vr : y — > X is a resolution of singularities 
in characteristic zero, then the subsheaf vr^^wy C ujx is independent of the choice of resolu- 
tion of singularities. This subsheaf should be viewed as an early version of the multiplier 
ideal. Compare with the definition of the multiplier module below and the parameter test 
submodule in lDefinition 2.331 

Going back to ideas in K. Smith's thesis and |Smi95| . the natural object to deal with 
rational singularities of pairs is the multiplier module, cf. |Bli04[[ST08] . 

Definition 2.26. Given a pair {X, T) with T a Q-Cartier Q-divisor, then the multiplier module 
is defined as 

J{ux-,T):= fl 7r,^y(r-7r*rl) 

tt: Y — yX 

where vr ranges over all proper birational maps with normal Y . 

Note that from this definition it is not clear that J{ujx\ T) is even quasi-coherent, as the 
infinite intersection of coherent subsheaves need not be quasi-coherent in general. How- 
ever, if there is a theory of resolution of singularities available (for example over a field 
of characteristic zero |Hir64j . or in dimension < 2 |Lip78| ), it is straightforward to check 
coherence by showing that the above intersection stabilizes. Recall that a log resolution of 
the pair (X, F) is a proper birational map vr : Y — )• X with Y regular and exceptional set 
E of pure codimension one such that Supp(F) U vr~^(Supp(F)) is a simple normal crossings 
divisor. Assuming every normal proper birational modification can be dominated by a log 
resolution, one can in fact show 

J(L^x;F)=vr,a;y(r-vr*Fl) 



3i 



There exists a resolution of singularities tt : Y — > X such that ffx = Tv^ffv and h*R7r*if?y — for all i. 
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for any single log resolution vr: Y — > X, which is in particular coherent. Note that, for 



effective F it is a subsheaf of cox via the natural inclusion ir^uy ^ ^x as in Example 2.1 

Immediately from this definition it follows that X is pseudo-rational if and only if X is 
Cohen-Macaulay and J{ujx) '■= c7(wx;0) = mx- Hence one defines: 

Definition 2.27 ( |ST08j ). A pair {X, T) with T > a Q-Cartier Q-divisor is cahed pseudo- 
rational if X is Cohen-Macaulay and J{u}x',^) = ojx- Note that this implies that [FJ = 0. 

The classical notion is of course that of multiplier ideals, which have been defined primar- 
ily in characteristic zero. See |Laz04j for a complete treatment in this setting. Historically, 
while multiplier ideals first appeared in more analytic contexts and were originally defined 
using integrability conditions, one facet of their pre- history was defined for any normal 
integral scheme - J. Lipman's adjoint ideals |Lip94| . The definition we give here (which 
makes sense in arbitrary characteristic) is a slight generalization of Lipman's definition to 
the modern setting of pairs. 



Definition 2.28 ( |Laz041 Lip94| ). Given a log-Q-Gorenstein pair (X, A) then the multiplier 
ideal is defined as 

J{X;A):= fl 7T,i^Y{\KY-7T*{Kx + A)-]) 

TT-.Y >X 

where vr ranges over all proper birational maps with normal Y and, for each individual vr, 
we have that Kx and Ky agree wherever vr is an isomorphism. 

As above, in a non-local setting, for J^{X; A) to be quasi-coherent one needs a good 
theory of resolution of singularities. In this situation, 

J{X; A) = tt^^^yHKy - 7r*iKx + A)]) 

for any log resolution vr: Y — > X of the pair {X,A). In general, J'{X;A) depends heav- 
ily on A and not simply the corresponding linear or Q- linear equivalence class; a similar 
observation holds for the multiplier module as well. 

If (^, A) is a pair, strictly speaking the object J'{ujx',Kx + A) is ambiguous as Kx is 
not uniquely determined (and represents a linear equivalence class of divisors). Nonetheless, 
for each choice of Kx we have that J'{uJx]Kx + A) C uxi—lKx + AJ), and is thereby 
identified with a submodule of ^x(— L'^J) using Convention 12. 71 This construction is in fact 
independent of the choice of Kx, and allows one to relate multiplier ideals and multiplier 
modules in general. 

Lemma 2.29. // {X, A) is a log-Q-Gorenstein pair, then J{ujx; {Kx + A)) = J{X; A). 

Proof. Suppose tt: Y — > X is a proper birational map, Y is normal, and Ky and Kx agree 
wherever vr is an isomorphism. Making full use of Convention 12.71 we have 

ooxi-lKx + ^]) = ^x(-LAJ) 

Ul Ul 

7r,ujY{-[Tr*iKx + A)\) = tt^^yHKy - 7t*{Kx + A)]) 

and the desired conclusion now follows immediately from the definitions. D 

Definition 2.30. A log-Q-Gorenstein pair {X, A) with A > effective is called Kawamata 
log terminal if J{X; A) = i)'x- 
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2.5. The parameter test submodule and F-rationality. We now turn to the charac- 
teristic p > notion of i^-rationahty, extensively studied in |FW89| and |Snii97bj , which is 
central to our investigations. 

Definition 2.31. Suppose that X is reduced, connected, and F-finite (and satisfies Con- 
vention [2?T7|) . We say that X is F -rational if 

(a) X is Cohen-Macaulay 

(b) There is no proper submodule M C ujx, non-zero on every irreducible component of 
X where ujx is non-zero, such that ^x{F*M) C M where ^x- F^^x — > ^x is the 
trace of Frobenius as in Example 2.4[ 



Remark 2.32. While the preceding characterization of F-rationality differs from the defini- 
tion used historically throughout the literature, it is nonetheless readily seen to be equiva- 
lent. Indeed, when X = SpecR for a local ring R with maximal ideal m, the characteriza- 
tion of the tight closure of zero in H^'^^^R) found in |Smi97b| implies that condition (b) 
is Matlis dual to the statement 0* dimfl/r,^ = 0. 

Definition 2.33 ( |Smi95llBliOHST08j l. Suppose that X is reduced, connected, and F-finite 
(and satisfies Convention 12. 17( ). The parameter test subm,odule t{ujx) is the unique smallest 
subsheaf M of ujx, non-zero on every irreducible component of X where cox is nonzero, 
such that ^xiF*M) C M where ^x ■ F^lox — > ^x is trace of Frobenius. 

For X normal and integral, the parameter test subm,odule t{ujx',T) of a pair (^, F) 
with F > is the unique smallest non-zero subsheaf M of uix such that (j){F^M) C M 
for all local sections (j) € J^omff-^{F^ujx{\{p^ — l)F]),c<Jx) and all e > 0, noting that 
^x ^ ^x{\{p^ — l)rl)- The further observation ^(F^,a;x([— F])) C wx(r— T]) gives that 
r(wx;r)Cw^([-Fl). 

Once again, the preceding definition is separate from but equivalent to that which is 
commonly used throughout the literature. Moreover, standard arguments on the existence 
of test elements are required to show the (non-obvious) fact that t{ijJx) and t{ux'-,^) (as 
above) are well-defined. See, for example, [SchlH Proposition 3.21] (c/. |SchlO[ Lemma 
2.17]), or more generally JBB091 IbII09] . 

Lemma 2.34. Suppose that X is reduced, connected, and F-finite. Then X is F -rational 
if and only if it is Cohen-Macaulay and t{u)x) = ^x- Furthermore, any F -rational scheme 
is normal. 

Proof The first statement is an immediate consequence of the definitions, so we need only 
show the second. Without loss of generality, we may assume that X = Spec R where R is 
an F-rational local ring. If R^ is the normalization of R, we will show the inclusion map 
i : R — > R^ is an isomorphism. As R is already assumed Cohen-Macaulay it is S2, and so 
by Serre's criterion for normality we simply need to check that R is regular in codimension 
1. Thus, by localizing we may assume that R is one dimensional (and thus so is R^ , which 
now must be regular). Consider the following commutative diagram of rings together with 
its corresponding Grothendieck-Serre dual (all rings in question are Cohen-Macaulay) 

R^ — ^ F, (R^) w^N ^^— F.ujj^N 



F,i 



F.(iV) 



R > F^R UJR ^— — F^ujR 

F *H 
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As in Example 2.2, i^ is identified with the evaluation- at- 1 map }iom. ji{R , to r) — > lor. 



Since i is birational, it is easy to see i"^ is injective. In particular, i'^ is non-zero and 
thus also surjective by the definition of F-rationality. It follows that i^ and hence i are 
isomorphisms, whence R is normal as desired. D 

In order to consider pairs {X, A) with A not necessarily effective, we need to recall the 
following lemma. 

Lemma 2.35. |ST081 Proposition 7.11(3)] Suppose that {X,A) is a pair with A > 0, and 
that D > an integral Cartier divisor on X = SpecR, then t{ujx', A + D) = t{ujx', A) Cg 
-D). 



Definition 2.36. Suppose that {X, T) is a pair. Fix a Cartier divisor D on X such that 
r -|- Z? is effective (these always exist on affine charts). Then the parameter test module of 
{X, r) is defined as 

t{ujx; r) := t{u;x; T + D) (S) &x{D) . 
It is also easy to verify that this definition is independent of the choice of Z?, hence our local 
definition globalizes. It is straightforward to check that r(wx;r) ^ '^x(r— r])- 

In defining the test ideal of a pair below, we handle the non-effective case analogously. 

Definition 2.37. Suppose that X is reduced and F-finite. The test ideal t{X) is the 
unique smallest ideal J of ^x^ non-zero on every irreducible component of X, such that 
4>{F^J) C J for every local section (p G =^om^^(F^^^X5 ^x) and all e > 0. 

If {X, A) is a pair with A > 0, the test ideal t{X; A) is the unique smallest non-zero ideal 
J of ^x such that (piF^J) C J for any local section cp G J^omff^{F^ffx{\ip'' - 1)A1), ^x) 
and all e > 0, noting that J C ^;^ C ^^([(P^ - 1)^1)- 

As with the parameter test module, one has for any effective integral Cartier Divisor D 
the equality t{X; A -|- D) = t{X; A) (8) ffx{—F)), which allows one to extend the definition 
to the non-effective case as above (see |ST08| for further details). Furthermore, the same 
subtle albeit well-known arguments are again required to show these ideals exist [Schll^ 
Proposition 3.21] (see also |STllj ). 

Remark 2.38. As before, the preceding definition is non-standard; rather, what we have 
just defined is an alternative yet equivalent characterization of the big or non-finitistic 
test ideal, commonly denoted in the literature by ti,(X,A) or 'f(X, A). However, in many 
situations (and conjecturally in general) the big test ideal agrees with the classically defined 
or finitistic test ideal. Indeed, these two notions are known to coincide whenever Kx + A 
is Q-Cartier |Tak041 IBSTZIO] - the only setting considered in this paper. For this reason, 
as well as our belief that the big test ideal is the correct object of study in general, we will 
drop the adjective big from the terminology throughout. 

Strictly speaking the object t{u}x',Kx + A) is ambiguous as Kx is not uniquely deter- 
mined. Indeed supposing A > 0, as seen from lLemma 2.35} different choices of Kx give rise 
to different submodules t{u}x] Kx + A) of ux- However, we in fact have t{ujx', Kx -|- A) C 
u}x{—[Kx -|- AJ), so that t{ujx]Kx + A) is identified with a submodule of ^x(— L^J) 
using Convention 12.71 As was the case with the multiplier module, this construction is 
independent of the choice of Kx ■ 

Lemma 2.39. If X is an F -finite and (X, A) is a pair, then t{ujx',Kx -|- A) = t{X;A). 

Proof. Choose a rational section s € ujx determining a canonical divisor Kx = Kx,s = div s 

and the embedding ux Q ^x ® K{X) > ^i^)- We will write ux = ^x{Kx) for the 
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duration of the proof without further remark. Working locally, it is harmless to assume Kx 
and A are both effective by Definition 12.361 so that t{(jJx'-,Kx + A) C a;x(— L-^x + ^J) = 
^x(— [AJ) gives in particular t{ujx',Kx + A) C i^x Q ^x- 
Next, observe for all e > that 

J^omff^iF^uxilip" - l){Kx + A)l),a;x) = ^om^jF.^^xCK/ " 1)A1), ^x) 

in a very precise sense; they are equal after mapping to the corresponding stalks at the 
generic point of X, which are explicitly identified with one another. Said another way, the 
image oi F^0'x{\{p^ — ^)^~\) ^ F^ujx{\{p^ — ^){Kx + ^y]) under every local homomorphism 
G jrom^^(F>x(r(p' - l)(i^x + A)l),^x) satisfies (t>{F^ffx{\{p'' - l)^^)) Q ^x, giving 
rise to a commutative diagram 

F^ux C F>x(r(p'-l)(^v + A)l) -^ ux 

Ul Ul Ul 

F^^x C F:ffx{\{p'-l)A-\) -^ Gx 

and uniquely accounting for every local homomorphism in M'omff^ [F^ Gx ( \ij>^ ~ 1 ) A] ) , Gx ) • 
The desired conclusion is now an exercise in manipulating definitions. As t(X; A) C wx 
is preserved under the local homomorphisms in ^omff^{FlijJxi\{j>^ — ^^ij^x + A)]),^^), 
we must have t{ljx',Kx + A) C t{X; A) by the definition of t{ujx] Kx + A). Conversely, 
as t{(jJx]Kx + A) C Gx is preserved under M'o'mff-^{F^Gx{\{p'^ — 1)A]), Gx)-, we must 
have t{X] A) C t[ujx] Kx + A) and the statement follows. D 

2.6. Transformation behavior of test ideals and multiplier ideals. One of the con- 
tributions of this paper is a further clarification of the transformation behavior of test and 
multiplier ideals. Let us summarize what is known so far for alterations, which can always 
be viewed as compositions of proper birational maps and finite dominant maps. 

Let us first consider the classical (and transparent) case of the multiplier ideal in char- 
acteristic zero |Laz04t 9.5.42]. Essentially by definition, the multiplier ideal of a log- 
Q-Gorenstein pair {X, Ax) is well-behaved under a proper birational morphism vr: Y — > X 
and satisfies 

(2.40) TT,J{Y, Ay) = J{X, Ax) with Ay := TT*{Kx + Ax) - Ky 

where we have arranged that tt^.Ky = Kx as usual. If rather vr : Y — > X is a finite dominant 

map, one sets Ky = '7t*Kx + RaniTr where Ram^r is the ramification divisor, and has the 

transformation rule 

(2.41) 

TT, J(y, Ay) n K{X) = JiX, Ax) with Ay := TT^Kx + Ax) -Ky = 7r*Ax - Ram^ . 

In [Section 81 we further generalize this rule to incorporate the trace map Example 2.2 

(2.42) Tr„(vr,^(y, Ay)) = J{X, Ax) 

in the process of showing our main theorem in characteristic zero. 

In characteristic p > 0, the transformation rule (I2.40p for the multiplier ideal under proper 
birational maps once again follows immediately from the definition. However, the behavior 
of the multiplier ideal for finite maps is more complicated and not fully understood in general 
- even for finite separable maps. In [Section 8| we will show that both (I2.4ip and (I2.42p hold 
for separable finite maps of degree prime to p (and more generally when Tr7r(7r*^y) = Gx)- 
However, Examples 3.10, 6.13, and 7.12 in |ST10j together show that neither formula is 
valid for arbitrary separable finite maps in general. 
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In contrast, the last two authors in |ST10j have completely described the behavior of 
the test ideal of a pair (X,Ax) under arbitrary finite dominant maps vr: Y — > X. In the 
separable case, one again has 

Tr^(7r,T(y,Ay)) = t(X,Ax) with Ay := tt* {Kx + Ax) - Ky = it* Ax -Ram^ . 

More generally, when vr is not necessarily separable, a similar description holds after rein- 
terpretation of the ramification divisor (via the Grothendieck trace). However, a formula 
as simple as (j2.40p relating test ideals under a birational map cannot hold. Indeed, if 
vr: Y — > X is a log resolution of (X,Ax), then the multiplier and test ideal of (y. Ay) 
will agree while those of {X,Ax) may not (c/. |Tak04l Theorems 2.13, 3.2]). Nonetheless 
in [Theorem 6.81 we will give a transformation rule - albeit far more complex - for the test 
ideal under alterations in general, so in particular for birational morphisms. 

In summary we observe that the test ideal behaves well under finite maps (and may 
be computed using either finite maps or alterations bv [Theorem 4.6p . whereas its behavior 
under birational maps is much more subtle. On the other hand, the multiplier ideal in 
characteristic zero behaves well under finite and birational maps, however finite maps will 
not suffice for its computation. The multiplier ideal in positive characteristic is still well 
behaved under birational transformations, but its behavior under finite maps is more subtle. 

3. F-RATIONALITY VIA ALTERATIONS 

In this section, we will characterize F-rationality and, more generally, the parameter test 
submodule in terms of alterations. This is - at the same time - a special case of our Main 
Theorem as well as a key ingredient in its proof. The full proof of our Main Theorem in 
positive characteristic consists of a reduction to the cases treated here and will follow in the 
next section. 

The crux of the argument to follow is based on a version of the equational lemma of |HH92] 
in the form that is found in [HL07J . In fact, we require a variant with an even stronger 
conclusion; namely, that the guaranteed finite extension may be assumed separable. This 
generalization follows from a recent result of A. Sannai and A. Singh |SS12] . 

Lemma 3.1 (equational lemma). Consider a domain R with characteristic p > 0. Let K 
he the fraction field of R, K an algebraic closure of K, and I an ideal of R. Suppose i > 
and a G H\{R) is such that a.,oP .,oP ,... belong to a finitely generated R-submodule of 
H\{R). Then there exists a separable R-subalgebra R' of K that is a finite R-module such 
that the induced map Hj{R) — > H\{R') sends a to zero. 

Proof. The statement of the equational lemma in |HL07t Lemma 2.2] is the same as above 
without the desired separability. Applying this weaker version we therefore have a finite 
extension R Q R' such that H\{R) — > H\{R') maps a to zero. Let R^ be the separable 
closure of R in /?', that is all elements of R' that are separable over R. The extension 
R^ C R' is then purely inseparable, i.e. some power of the Frobenius has the property that 
F^{R') C R^ . Applying the functor H\{ ) yields the diagram 

H\{R) > H\{R') > H\{R') 




Denoting the image of a in Hj{R^) by a, this element is mapped to zero Hj{R'), hence, 
under the Frobenius F^ it is mapped also to zero in H\{R^). But this shows that F^[a) = 
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in Hj{R'^) by the above diagram. Now |SS121 Theorem 1.3 (a)] states that there is a module 
finite separable (even Galois with solvable Galois group) extension i?* C R" such that a is 
mapped to zero in Hj(R"). But this means that the finite separable extension R C R" is 
as required: the image of a G Hj{R) in Hj(R") is zero. D 

The main result of this section, immediately below, is a straightforward application of 
the method of C. Huneke and G. Lyubeznik in |HL07j . Since making this observation, we 
have been informed that a Matlis dual version of the theorem below has also been obtained 
by M. Hochster and Y. Yao (in a non-public preprint |HY11| ). 

Theorem 3.2. Suppose X is an integral F-finite scheme. 

(a) For all proper dominant maps vr: Y — t- X with Y integral, the image of the trace 
map (|2.12p contains the parameter test module, i.e. 

t{ux) C Image(h'ii'^^-d'°^^R7r,6^y ^^ ux) ■ 

(b) There exists a finite separable map vr : Y — > X with Y integral such that the image 
of the trace map equals the parameter test module, i.e. 

r(wx) = Image(h^''"^-'i'"^^R7r*wy ^^ ujx) ■ 

Remark 3.3. In the above result, it is possible to work with equidimensional reduced (rather 
than integral) schemes of finite type over a field at the expense of removing "separable" 
from the conclusion in (b). 

An immediate Corollary of this statement is a characterization of the test submodule. Re- 
call that an alteration is a generically finite proper dominant morphism of integral schemes. 

Corollary 3.4. Suppose X is an integral F-finite scheme. Then 

t{ujx)= n Image(h^''"^-^''°^R7r,a;y ^^wx). 

7r: Y >X 

where vr ranges over all of the maps from an integral scheme Y to X that are either: 
o (separable) finite dominant maps, or 
o (separable) alterations, or 
o (separable) proper dominant maps. 

Additionally, if X is a variety over a perfect field, then we may allow vr to range over 

o all regular separable alterations to X, or 

o all separable proper dominant maps with Y regular. 
Furthermore, in this case, there always exists a separable regular alteration vr : Y — > X such 

Tr 

that Image(7r*ti;y — ^ ujx) is equal to the parameter test submodule of X. 

Proof. This follows immediately from [Theorem 3.21 and from the existence of regular alter- 
ations [dJ96] . D 

Proof of \Theorem 3.S\ (a). The statement follows immediately from Propositions 12.211 and 
12.131 as well as the definition of t{(jJx). D 

The proof of |(b)| follows closely the strategy of |HL07j ; note that a local version of the 
statement is also related to the result of K. Smith that "plus closure equals tight closure 
for parameter ideals" |Smi94j . The proof comes down to Noetherian induction once we 
establish the following lemma. 
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Lemma 3.5. Let R C S be a module finite inclusion of domains and denote the image of 
the trace map by Js = Image(a;5 — > ojr). // t(u;r) C J5, then there is a separable finite 
extension of domains SOS' such that the support of Js'/t(u}r) is strictly contained in the 
support of Js/t{u}r), where Js' = Image(u;5/ — > ur). 

Proof. Choose rj G Spec R to be the generic point of a component of the support of Js/t{'^r) 
and set d = dimi?^. By construction {Js/T{u)R))n = Jsr,/T{^R^) has finite length, and hence 
so also must its Matlis dual 

{Js/r{u;n)r^ = RomiJsjT{u;nJ,EiR,/7^)) . 

By Matlis duality applied to the sequence us^ — ^(Js^/Ti^R,,)) ' — > ^Rrj/^i^Rv) ^^^^ ^^' 
serves that {Js/T{ijjR)yi C H'^[S^) is identified with the image of the tight closure of zero 
^*H'i-{R ) = i^Rnl'^(^Rn)y ™ H^i^r,)- By [Proposition 2.21| we have for ^r : F^ujr — ^ ur 



that ^r{Js) ^ Js- Hence the dual of Js/t{u}r) is stable under the action of the Frobenius 
on H^{Sn)- i-c. F{{Js/t{lor))'^) C {Js/t{u;r))'^ (phrased differently: the tight closure 
of zero is Frobenius stable, hence so is its image). This implies that for any element 
a G {Js/t{ojr)))^ the powers 0,0^,0^ ,.. . must also lie in the finite length {Jsr,/'''{'^Rr,)Y ■ 
Applving ILemma 3.11 to a € (</s'^/'7"('^r^))^ repeatedly {e.g. for a finite set of genera- 
tors) we obtain a separable integral extension Srj ^ T such that H!;^{Sn) — > H^{T) maps 
{JSr,/'^{'-^Rr,)Y to zero. By taking 5' to be the normalization of S in the total field of frac- 
tions of T we see that T = S' and that the finite extension R Q S' is separable. Translating 
this back via Matlis duality this means that the map ojs' — > ojr^ sends Js' into t{ojr^). In 
particular 7/ ^ Supp(J5'/r((x!/j)). D 

Proof of \Theorem 3.S\ (b). Without loss of generality, we may assume that X = Speci? is 
affine. Starting with the identity R = Sq we successively produce, using ILemma 3.51 a 
sequence of separable finite extensions R = Sq (^ Si Q S2 '^ S3 . . . such that the support 
of Jsi+i/t{'^r) is strictly smaller than the support of JsJt{u)r) until Js^ = t{u)r) by 
Noetherian induction. D 

The following important corollary (which can also be proven directly from the equational 
lemma without reference to the above results) should be viewed in the context of the 
definition of pseudo-rationality (see [Section 2.4p , as well as the Kempf-criterion for rational 
singularity |KKMSD73[ p. 50] in characteristic zero. 

Corollary 3.6. For an F-finite Cohen- Macaulay domain R the following are equivalent. 

(a) R is F -rational, i.e. there is no non-trivial submodule M C cor which is stable under 
^R : F^ujR — ^ UJR. 

(b) For all finite extensions R — > S (which may be taken to be separable if desired) the 
induced map ujs — > ujr is surjective. 

(c) For all alterations vr : Y — > X = Speci? (vr may be taken to be separable and or 
regular if R is of finite type over a perfect field) the induced map vr^^tjy — > ojx is 
surjective. 

In fact, utilizing local duality and |HL07j once again to obtain a further finite cover which 
annihilates the local cohomology modules below the dimension, we obtain the following 
characterization of F-rationality without the Cohen-Macaulay hypothesis. 

Corollary 3.7. For an F-finite domain R, the following are equivalent: 
(a) R is F -rational. 
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(b) For each integer i ^"L, and every (separable) finite extension of rings R — > S, the 
induced map h*w^ — > ^^oj'^^ is surjective. 

(c) For each integer i G Z and every (separable regular, if R is of finite type over a 
perfect field) alteration vr : Y — > X = Speci? , the induced map h^Rvr^Wy — > ^^'^'x 
is surjective. 

Remark 3.8. The main result of the paper jHLOTj which inspired our proof is that for a local 
ring (-R,m) of dimension d that is a homomorphic image of a Gorenstein ring, there is a 
module finite extension R C S such that the induced map H^{R) — > H^{S) is zero for i < d. 
A local dual statement to this is that the induced map on dualizing complexes cog — > uj^ 
is zero on cohomology h'(ti;^) — > h*(a;^) for i ^ — dimi?. What we accomplish here is 
that we clarify the case i = — dimi?. With d = dimi? we just showed that one can also 
achieve that the image h~'^(w^) — > h~'^(a;^) = lor is the parameter test submodule r(wij). 
Of course, the dual statement thereof is: the tight closure of zero 0* j, . is mapped to zero 

under the map H^{R) — > H^[S). It is exactly this statement, and further generalizations, 
which are first and independently by M. Hochster and Y. Yao in [HYllj . 

4. Test ideals via alterations 

In this section, we explore the behavior of test ideals under proper dominant maps and 
prove our main theorem in characteristic p > in full generality. First we show that various 
images are compatible with the <& from Example 1 2. 4 1, and so they contain the test ideal. 

Proposition 4.1. Suppose that f : Y — > X is a proper dominant generically map of 
normal F -finite varieties and that {X, A) is a log-Q- Gorenstein pair. Then the test ideal is 
contained in the image of the trace map, i.e. 

r(X; A) C Image (f,coY{-lf*{Kx + A)J) -^ ^x(-L^x + AJ) C K{X)] 
where Trj is the map induced by trace as in Proposition 2.8[ 



Proof. This follows easily by Stein factorization. Factor / as y — ?> Z — > X where g is 
birational and h is finite. Then it follows from |ST10( Proposition 6.20] that 

TihihMZ; -Kz + h*{Kx + A))) = t{X; A). 

On the other hand, it follows from the argument that the test ideal contains the multiplier 
ideal, that 

TTgig^{-[f*iKx + A)J)) D r(Z; -Kz + h*iKx + A)). 
See |Tak04| or see [STllt Theorem 4.17] for a sketch of a simpler version of this argument 
(or see immediately below for a generalization). 

This completes the proof since Tr/^ o/i^ Tr^ = Trf. D 



We also prove a more general statement whose proof also partially generalizes Proposition 2.21 



and which uses heavily the material from the preliminary section on Duality, [Section 2.31 



The reader who has so far avoided that section, can skip Proposition 4.2 and rely on 



Proposition 4.1 instead. 



Proposition 4.2. Suppose that f : Y — > X is a proper dominant map of normal integral 
F -finite schemes and that {X, A) is a log-Q- Gorenstein pair. Then the test ideal is contained 
in the image of the trace map, i.e. 

r(X; A) C Image ('h<ii-^-'i'-^R/,u;y(-L/*(irx + A)J) -^ ujx{-[Kx + AJ) C K{X)] 
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where Trj is the map induced by trace as in \Proposition 2.18\ Similarly, if additionally 
f*{Kx + A) is a Cartier divisor, then 

r(X; A) C Image fh-'i'-^R/,a;y(r(Kx + A)) ^^ wx(-L^x + AJ) C i^(X) 



where again Trj- is the map induced by trace as in \Proposition 2.18\ 

Proof. The statement is local (if it fails to hold, then it fails to hold locally), so we assume 
that X is the spectrum of a local ring. Without loss of generality, as in [Definition 2.371 we 
may assume that A > 0. Let n = dimy — dimX. 

Fix an i^x-linear map (p: F^ffx — > ^x such that A^ > A, where A,;!, is defined as in 
[Schnai Theorem 3.11, 3.13] or [STTT| Subsection 4.4]. Recall that {p" - l){Kx + A^) ~ 0, 
so in particular we may write [p^ — l){Kx + A) = dive for some c € K{X). For the first 
statement, it is sufficient to show that 

<l^{FtTTf (h"RA^y(-Lr(Kx + A)J)) ) C Txf (h"RA^y(-Lr(Kx + A)J)) 

and by lLemma 2.20| we may assume (j){ ) = ^\{F^c ■ ). Now we have 

ckiFt TV/(_)) = ^\ {{Ftc) ■ Ft Tr^(_)) = <^\{Ft Tr^(c • _)) = Tr;(h"R/,$f.(F,^c • _)) 

where we have used that Trj is i^x-linear, and that <^3c(-^=f Trj( )) = Trj(h"R/^,<l>y (F^^ )) 

as shown in (12.23p . Thus, it is enough to show 

^\.{Ft{c-ujy{-\_f*{Kx+^)\))) Ca;y(-[/*(Kx + A)J) . 

Since 

-[f*{Kx + A)J + {l-p')f*{Kx + A^) = -yf*{p'Kx + {p' - 1)A^ + A)J 

and A^ > A, we have 

c-u;Y{-[f*{Kx + A)\) Cu;Y{-[p'f*iKx + A)\) =u;Yi-[{Frf*{Kx + A)\) . 

But then, according to [Proposition 2.18[ we have 

<I>1- {Ftujyi- [{FrriKx + A)J)) C uri- [f*{Kx + A)J) 

which completes the proof of the first statement. For the second statement, simply notice 
that Image (Try ) D Image (TV j). D 

Lemma 4.3. Suppose that {X = Speci?, F) is a pair such that F = tdiv{g) for some g & R 
and t G Q>o- Fix c G R such that Re is regular and that Supp(r) = V{g) C V{c). Then 
there exists a power of c^ of c such that 

t{ux;T) = ^'^%F:c''g^'^P'-'^^LOu). 

e>0 

where <^|j : F^loj^ — > cor denotes the trace of the e-iterated Frobenius, see \Section 2.3[ 

Proof. By the usual theory of test elements (c/. |SchlH proof of Theorem 3.18]), we have 
for some power c" of c that 

T(a;x;r) = j;j;</.(F,^c"u;«) 

e>0 <j> 

where the inner sum ranges over all (j) G Homj:j(F^a;/j([t(p^ — l)F]),a;/}). Furthermore, note 
it is harmless to replace n by any larger integer n + k. The reason the statement does not 
follow immediately is that, as div(g') may not be reduced, we may have [t(p^ — 1)] div(5) > 
[i(p^ - l)div(5)]. Choose k such that div(c*^) + t(p'^ - l)r > div(5r*(p"-i)l) for all e > 0, 
and set N = n + k. 
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Now, the map ip{_) = $|j(5r*(p"-i)l . _) g RomR{F^iOR{\t{p^ - l)r~\), ujr) appears 
in the sum above. This implies the containment 5 for our desired equahty. Further- 
more, for any G }ioinji{F^ojji{\t{p'^ — l)r]),u!ji), it is clear then that (f){F^c^u}ji) C 
^e$e|-^eg?i^rt(p<=-i)]^^-j^ Thus, we have the containment C as well. D 

We now describe the transformation rule for the parameter test module under finite maps. 

Proposition 4.4 (c/. [STlOj ). Given a finite map f: Y — > X of normal F -finite integral 
schemes and a Q-Cartier Q-divisor T on X, we have 

Tr;(r(a;y;/T))=T(a;x;r). 

Proof. Without loss of generality, we may assume that X = Spec R and Y = Spec S are 
affine and that T = td\v{g) for some g ^ R. 

Let $^ : F^ojR — > ujr and <I>| : F^us — > ujs be the corresponding traces of Frobenius 
and set Js = Image(Trj : f^uJs — > ^r) ^ "^ij- Now, ILemma 4.31 above implies that there 
exists an element c £ R such that both 

e>0 



r(u;5;rr) = J]$|(F,^c<7-- -'^5j 



e>0 

The idea for the remainder of the proof is to apply Trj-( ) to r(a;5,/*r), noting that 

Tr/(/**^5( )) = ^ij(-^^Tr/( )) since trace is compatible with composition (shown pre- 
cisely in daiSD). Therefore, 



Trfif,Tius;f*T)) = Tr^ /, J] ^KF^c/^^p^-^^l.^) 

e>0 

= E ^^ (^* TrKc/*(P^"i)V*u;5)) 

e>0 



e>0 

= t{ujr-T) 

which completes the proof. D 

To reduce the main theorem of this paper to [Theorem 3.21 we need a variant of the cyclic 
covering construction, cf |TW92j or JKM981 Section 2.4]. 

Lemma 4.5. Suppose that X is a normal integral scheme and T is a Q-Cartier Q-divisor 
on X . Then there exists a finite separable map g: W — > X from a normal integral scheme 
W such that g*T is a Cartier divisor. 

Proof. We may assume that X = SpecR is affine and that nT = divxif) for some non-zero 
non-unit f € R. We view f G K = K{R) and suppose that a is a root of the polynomial 
x"^ + fx + f in some separable finite field extension L of K. Let S be the normalization of R 
inside L so that we have a module-finite inclusion R C S. Set tt: Y = Spec S — > Spec R = 
X. Further observe that S contains a since a is integral over R. Since a" = —f{a -\- 1) we 
have a,a + 1 £ \/{a + 1), so that a + 1 is a unit. Thus, n divy (a) = divy (/) = Tr*nT, and 
so 7r*r = divy(Q) is Cartier as desired. D 
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Theorem 4.6. Given a normal integral F-finite scheme X with a Q-divisor A such that 
Kx+A is Q-Cartier, there exists a finite separable map f: Y — > X from a normal F-finite 
integral scheme Y such that 

(4.7) t{X;A) = Image (f^coyi-iriKx + A)J) ^ KiX)] . 

Alternatively, if X is of finite type over a F-finite (respectively perfect) field, one may take 
f : Y — > X to be a regular (respectively separable) alteration. 

Before proving this theorem, we state several corollaries. 

Corollary 4.8. Assume that X is a normal variety over an F-finite field k. If {X,A) is 



a log-Q- Gorenstein pair, then using the images of the trace map as in Proposition 2.1o\ we 
have 

(4.9) r(X; A) = Pi Image ( h'ii"^^-d™^R/,L<jy(-[/*(Kx + A)J) ^ K{X) ] 




where f : Y — > X ranges over all maps from a normal variety Y that are either: 

(a) finite dominant maps 

(b) finite separable dominant maps 

(c) alterations (i.e. generically finite proper dominant maps) 

(d) regular alterations 

(e) proper dominant maps 

(f ) proper dominant maps from regular schemes 

or, if additionally k is perfect, 

(g) regular separable alterations. 

Furthermore, in all cases the intersection stabilizes (i.e. is equal to one of its members). 
Corollary 4.10. Assume X is a normal integral F-finite scheme with a <Q-divisor A such 



that Kx -\- A is Q-Cartier. Then using the images of the trace map as in Proposition 2.18, 
we have 

(4.11) t{X;A) = fl Image ( h-d'-^R/,w{,(-L/*(i^x + A)J) ^^ K{X) J 

f:Y — >X \ / 

where the intersection runs over all proper dominant maps f : Y — > X from a normal inte- 
gral scheme Y such that f*{Kx + A) is Cartier. Furthermore, once again, the intersection 
stabilizes. 

Proof of Theorem \4.6\ We make use the identification of t{X; A) = t{ujx', Kx + A) from 
ILemma 2.39l and will prove the statement for the latter. For (j4.7p . first take a separable finite 
map f : X' —^ X such that T := f'*{Kx^A) is Cartier bv lLemma 4.5[ By |Proposition 4.4 

TVr(/:r(L^X';r)) =r(^x;i^x + A) = r(X;A). 

Now, using ITheorem 3.21 we may fix a separable finite map h : Y — t- X' such that we 
have t{ujx') = Image(Tr/i: /i*(^y — > ^x')- The projection formula then gives the equality 
t{ujx'',^) = Image(Tr/i(/i*ti;y(/i*r) — > ^x'), and ()4.7p now follows after applying Trj/. 
For the remaining statement when X, if we are given a composition of alterations fog: 

Z 4 y A X, it follows that 

Imageif.g,u;zi-lg*f*{Kx + A)J) ^^ K{X)) 

C Image(/,^y(-L/*(i^x + A)J) ^^ K{X)) . 
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Thus, the second statement immediately follows from the first by taking a further regular 
(separable) alteration using |dJ961 Theorem 4.1]. D 



Proof of Corollary \4 -SI For equation (|4.9p . we have the containment t{X; A) C from Proposition 4.1 
or [Proposition 4.2[ The result then follows from equation (|4.7|) . D 



Proof of Corollary 4-10[ Finally, for equation ()4.1ip we still have the containment t{X; A) C 
from Proposition 4.2 On the other hand, if Y has the same dimension as X, then it is read- 



ily seen from the spectral sequence argument used in the proof of Proposition 2.13] that 
Tr;. (h"'ii-^R/,^f(-Lr(Kx + A)J)) =Tr^(h'ii-^-'i'-^R/,.;y(-Lr(Kx + A)J)) . 
so that equality holds in (j4.1ip for / : Y — > X as in [Theorem 4.6[ D 



Remark 4.12. If R is an i^-finite Q-Gorenstein splinter ring3, then [Corollary 4T8 above gives 
that t{X) = ffx, implying that R is strongly F-regular (since by t{X) we always mean the 
big test ideal). This recovers the main result of |Sin99j . 

5. Nadel-type vanishing up to finite maps 

Among the most sorely missed tools in positive characteristic birational algebraic geom- 
etry (in comparison to characteristic zero) are powerful cohomology vanishing theorems. 
Strong additional assumptions {e.g. lifting to the second Witt vectors) are required to 
recover the most basic version of Kodaira vanishing, and even under similar assumptions 
the most powerful variants {e.g. Kawamata-Viehweg or Nadel-type vanishing) cannot be 
proven. By applying the results and ideas of B. Bhatt's dissertation (see also |Bhall| ). we 
derive here variants of Nadel-type vanishing theorems. These are strictly weaker than what 
one would hope for as we only obtain the desired vanishing after a finite covering. Notably 
however, we need not require a W2 lifting hypothesis. 

Before continuing, we recall the following well known Lemma. 



Lemma 5.1 {of. [BhalOj ). Suppose that X is a Noetherian scheme and that we have a 
map of objects f : A' — > B' within D-^^{X). Then f factors through Yi^B' if and only if 
TyQ{f) is the zero map. 

Proof. Certainly if / factors through Yi^B' , then T^Q{f) = since T>o(h'^-B" ) = 0. For 
the converse direction, suppose t>o(/) = 0. Consider the diagram 



hM- 



h"5- 



-^A- 



-+T>o^- 



+1 



-^B- 



-^TyoB- 



Since A' 



B- 



T>o-B* is zero, we also have the following diagram of objects in 



DrX{X) 



A- 



h^B- 



id 



■>A 



-40 



+1 



^B- 



-4T>oB- -^ 



D 



Recall a ring R is called a splinter ring if any module- finite extension R C S splits as a map of i?-niodules. 
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We begin with a lemma which can be viewed as a kind of "Grauert-Riemenschneider 
vanishing |GR70j up to finite maps." Using the notation from below, note that in the 
special case where W is smooth (or a tame quotient singularity) it has been shown only 
recently by A. Chatzistamatiou and K. Riilling [CRllj that h^Rvr^wx is zero for i > 0. 

Lemma 5.2. Suppose that vr: X — > W is an alteration between integral schemes of char- 
acteristic p > 0. Then there exists a finite map g: U — > X such that the trace map 

(5.3) T>_dimxR(7ro5)^tJ^ — ^ T>_dimxR-7r*a;^ 
is zero and furthermore that the trace map 

(5.4) r>oR(vr o g)^.uju — ^ r>oRvr*wvy 

is zero. As a consequence h*R(7r o g)^,uJu — > h^Rvr^wx is zero for all i > 0. 

Proof. It is harmless to assume that vr is birational (simply take the normalization of W 
inside the fraction field of X) and also that W is affine. 

First, choose a finite cover a : X' — > X such that a : uj^, — > u^ factors through 
a;x[dimX] by |Bhal01 Proposition 5.4.2]. Set X' — > W' — > W to be the Stein factorization 
of vr o a (thus i : W — > W is finite). By [BhalOl Theorem 5.0.1], there exists a finite cover 
b : X — > X' from a normal X such that R(vr o a)*^x' — > R(^ o ao b)^ff-j^ factors through 
(vr o a o b)^,&j^. Set X — > W io he the Stein- factorization of vr o a o & (thus m : W — > W' 



X 



{I o m)^,^p57). Choose a further cover n : W — > W such that 
dimxi^TT^) is zero by [BhalOl Proposition 5.4.2]. By making W 



is finite and (vr o a o 6)*^ 

''■>-dimx("'*'^~) —^ ^5 

larger if necessary, we additionally assume that c : X — t- X, the normalization of X in the 

fraction field of W, satisfies the condition that R(vroao6)^^-^ — > R(vroao6oc)*^j^ factors 

through (vr o a o 6 o c)*^^ = {I o mo re)*^p^ again using [BhalOl Theorem 5.0.1]. 




^X' 



^W 



^X 



■^W 



Putting this all together, we have the following factorization of Rvr.ji^x — > Rvr,,^^: 
Rvr*i^x — > R-(7r o a)*^x' — ^ (vr o a o b)^^)'-^ 



R(vr o a o b)^0'Y — )• (vr o a o 6 o c)*^j^ — > R(vr o a o 6 o c)*^^^. 



(vr o a o 6 o c)*^j^ 

We now note that the term R(vr o ao 6)*^-^ in the factorization can be removed yielding: 
R7r*^x — > R-(7r o a)*(^x' — )• (vr o a o 6)*^-^ — > (tt o a ob o c)*^j^ — > R(vr o aobo c)*^j^. 
which by factoring along the lower part of the above diagram yields 

Rvr*^x — > 1^(71" o a)tf0'x> — > {lo m)*^p^ — > {i o mo n)^i^^ — > R(vr o ao bo c)^Gy^. 
Now we apply the functor RJ^o?tix( ^^w) ^° ^"^^ factorization and obtain: 



Rvr^wx < — 1^(71" o a)*Wx' ^ — (^ o '^)*'^w 



w 



o mo n]^uj 



W 



R(vr o aobo c)^uj'~ 



X 



Note we don't need R on ^, m and n since they are finite. Setting U = X, the first statement 
of the theorem, (j5.3p now follows since T>_dimiy(o) = based on our choice of n. However, 

Rvr^wx i — R(vr o a)*Wx/ 
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factors through Rvr^wxidimX]. Precomposing with the natural map R(7r oao 60 c)*ti;~ ^ 
R(7r o a o 6 o c)*a;j^[dimX] and taking cohomology yields (|5.4p . D 

Theorem 5.5. Suppose that vr: X — > S is a proper morphism of F- finite integral schemes 
of characteristic p > with X normal. Further suppose that L is a Cartier divisor on 
X and that A. is a Q-divisor on X such that L — {Kx + A) is a n-big and ir-semi-ample 
Q-Cartier Q-divisor on X. Then there exists a finite surjective map f: Y — > X from a 
normal integral F-finite scheme Y such that: 

(a) The natural trace map 

f.^YilKY + f*{L - {Kx + A))l) -^ &x{\Kx + L-{Kx + A)]) 

has image t(X; A) (8) ifx{L). 

(b) The induced map on cohomology 

h^R(7r o f),&Y{\KY + f*{L - {Kx + A))]) -^ h*R7r,T(X; A) ^x{L) 
is zero for all i > 0. 

Proof (cf. [BhalO] )■ Certainly by lTheorem 4.61 we can assume that (a) holds for some sur- 
jective finite map /': Y' — > X (and every further finite map). On Y' , we may also as- 
sume that /'*A is integral and f'*{Kx + A) is Cartier, and we may further assume that 
^Y' {f'*{L — {Kx + A))) is the pull-back of a line bundle ^ via some map vr: Y' — > W 
over S such that J^ is ample over S. Note, f'*{L — {Kx + A)) is still big so we may assume 
that W has the same dimension as Y' (and thus also the same dimension as X). 




Since we only need now to prove (b), replacing X by Y' we may assume that Kx + A is 
Cartier and that ^x {L — {Kx + A)) is the pull-back of some relatively ample line bundle 
^ via an alteration g : X — > W over S with structural map p: W — > S. 



Y—^X : 




p 



Bv lLemma 5.21 there exists a finite cover h : Y — > X such that ^{g o h)^ujY — > R(7*a;x 
factors through g^^oox- Choose no > such that h*Rp* {g^uJx '^ ^") = for alH > and 
all n > no (by Serre vanishing). Also choose an integer e > such that p^ > uq. Consider 

h Q P^ P ho 

now Y s- X > W > W > 5 which can also be expressed as Y — > X — > 

W — > S > S and Y — > X — > W > W — > S. Finally consider the factorization: 

h*R(p oF^ogo h)4ojY h*g*{Fy^) = h^R(/) o F^), (Jf^' ® K{g o /i),wy) 

-^ F^h' {R{pU^p' ® g.ujx)) 

-^ F^h' (R(p),(JfP^ Kg.ujx)) = h' {{-Rp,)F^{^P' R^^^x)) 

-^ h^ ((Rp*)(^ (8) Kg^F^ujx)) 

-> h^ ((Rp*)(if Tig^ujx)) = h'R^, {g*^ ux) ■ 
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This map is zero since the second hne is zero by construction. D 

Corollary 5.6. Let X be a projective variety over an F-finite field k. Suppose that L is 
a Cartier divisor on X, and that A is a Q-divisor such that L — {Kx + A) is a big and 
semi-ample Q-Cartier Q-divisor. Then there exists a finite surjective map f : Y — > X from 
a normal variety Y such that: 

(a) The natural trace map 

h&Y{\KY + r{L - {Kx + A)l) -^ ffx{\Kx +L-{Kx + A)]) 

has image r(X; A) ® 0'x{L). 

(b) The induced map on cohomology 

W{Y, ^yUKy + ni - {Kx + A))l)) -^ H'{X,t{X; A) i?x{L)) 
is zero for all i > 0. 

6. Transformation rules for test ideals under alterations 

The fact that the test ideal can be computed via alterations suggests a transformation 
rule for test ideals under alterations. We derive this transformation rule in this section. We 
first state a definition. 

Definition 6.1. Suppose that X is a normal variety over a field k and T is a Q-Cartier 
Q-divisor|j We define 

T\X,T) := fl Image (FO(y,€?y(ri^y + /Tl)) -^^ H^{X,i^x{\Kx +r])) 

f-Y-^X 

where / runs over all finite dominant maps / : Y — > X such that Y is normal and equidi- 
mensional. 

Alternately, if X is any (not necessarily normal or even reduced) F-finite d-dimensional 
equidimensional scheme of finite type over a field k and ^ is any line bundle on X, then 
we define 

r°(X,^) := Pi Image (^H%Y,ujy ^ f*^) -^ H\X,u:x®.^) 

where / runs over all finite dominant maps vr : Y — > X such that Y is normal and equidi- 
mensional of dimension d. In both cases the maps are induced by the trace map as described 
in 



Proposition 2.18 



Remark 6.2. We expect that the reader has noticed the upper-script in the definition of 
T^{X,T). We include this for two reasons: 

(i) It serves to remind the reader that T^{X, T) is a submodule of H^ {X, 6x ( [-^x + T] )) . 
(ii) In the future, it might be reasonable to extend this definition to higher cohomology 
groups. For example. [Theorem 5.51 is a vanishing theorem for appropriately defined 
higher r*(X,r). 

First we make a simple observation: 

Lemma 6.3. For any finite dominant map f : Y — > X between proper normal varieties 
over a field k with T a (Q-Cartier (Q-divisor on X, then T^{Y., f*T) is sent onto T^{X,T) 
via the trace map 

p : ifO(y, &y{\Ky + f*T])) -^ H\x, ffx{\Kx + r)i)). 



5 



For example, one might take T = L — {Kx + A) where L is a Cartier divisor and Kx + A is Q-Cartier. 
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Proof. If Y is proper over a field k, then H^(Y, ^^yUKy + /*r])) is a finite dimensional 
vector space, and so T^[Y, f*T) is the image of a single map 

for some finite cover g : Y' — > Y. Composing with the map to H^ (X, i^x ( \Kx + T] )) yields 
the inclusion r°(X,r) C /3 {T^(YJ*T)) . 

For the other inclusion, we simply notice that given any finite dominant map h : W — > X, 
we can find a finite dominant map U — > X which factors through both h and /. D 

Lemma 6.4. Suppose that X is as in Definition 6.1\ Observe that H^(X,ujx 'S' ^) — 
If {X,ujx[- dim X]0^). Furthermore, T^{X,uJx ^) is: 

Pi Image (E[°(y,wf[- dim X]0/*^) ^'^ ' > M" {X, uj'x [- dim X] ^) 

where the intersection runs over all finite dominant maps f : Y — > X such that Y is normal 
and equidimensional. 

Proof. First note that the isomorphism H^{X, ujx®^) = IHI°(X, oj^l- dimX] (g)^) follows 
from analyzing the spectral sequence computing El''(X, a;jj^[— dimX] ® 5£\ The second 
statement then follows immediately. D 

Mimicking ILemma 6.31 we also obtain: 

Lemma 6.5. For any finite dominant map f : Y — > X between proper equidimensional 
schemes of finite type over a field k with ^ a line bundle on X, then T^{Y,ujy <8> /*-Sf) is 
sent onto T^{X,uJx) via the trace map 

EI° (y, wy [- dim X] ® f*Se) -^ M° (X, uj'x [- dim X]®^) . 

Proof. The proof is identical to the proof of ILemma 6.31 D 

Bv ITheorenTTel li X = SpecR is affine and L = 0, then T^{X,L- {Kx + A)) is just 
the global sections of r(X;A). Inspired by this, we demonstrate that we may also use 
alterations in order to compute T^{X,L — {Kx + A)). 

First, suppose that /: Y — > X is an alteration and recall from Proposition 2.18 that we 
have a map 

TTf. 7T,u:Y{-[7r*{Kx + A)\) ^ ujx{-[Kx + A\) . 
Twisting by a Cartier divisor L and taking cohomology leads us to a map 

(6.6) ^ : H^ {Y,ujy{\7t*{L - Kx - A)])) = H^ (X,7r,L^y([7r*(L - Kx - A)])) 

-^H'^iX^uxilL-Kx-A-])) . 

Theorem 6.7. Suppose that X is a F-finite normal variety over k and that A is a Q-divisor 
such that Kx + A is Q- Cartier. Finally set L to be any Cartier divisor. Then 

T\X,L-Kx-A) 

= f] Image (i7° {Y,LOY{\f*{L - Kx - A)])) ^^ H' {X,ujx{\L - Kx - A])) ' 

f-Y-^X 
where f runs over all alterations f : Y — > X and the maps in the intersection are as in ()6.6p . 



F-SINGULARITIES VIA ALTERATIONS 28 

Proof. Certainly we have the containment T^{X,L — {Kx + ^)) 5 flf- y )-x (• • •) since 

this latter intersection intersects more modules than the one defining T^{X, L — {Kx + A)). 
We need to prove the reverse containment. 

Fix an alteration f:Y -^ X. Set Y -^ W = Spec(/*^y) ^ X to be the Stein 
factorization of /. Certainly 

t{ujw,P*{L -Kx- A)) C a.ffY{\KY + /* (L - Kx - A)]). 

Choose a finite cover h: U -^ W such that TV/,: &u{\Ku - h*l3*{L - Kx - A)]) -^ 
&w{\Kw - P*{L -Kx- A)l) has image t{u:w,P*{L - Kx - A)). 



Y 



J 



u — >w — >x 

h (S 

We now have the following factorization: 

H'^iU, ffuilKu + h*(3*{L -Kx- A)])) -^ H'>{X, (3,t{low,P*{L - Kx - A))) 

^ /7°(X,/3,a,^y([i^y + r(L - i^x - A)])) 

= H^iX, f.^YilKy + riL -Kx- A)])) 

= H^iY,u;y{\riL-Kx-A))]) 

-^H'^{X,ujx{\L-Kx-A-\)) 

And so we obtain the desired inclusion. D 

Theorem 6.8. Suppose that f : Z — > X is an alteration between normal F-finite varieties 
over a field k, A is a Q-divisor on X such that Kx + A is Q-Cartier and L is any Cartier 
divisor on X . Additionally suppose that either X is affine or proper over k. 
Then 

^{t^Z, r{L - {Kx + A)))) = rO(X,L - {Kx + A)) 

where ^ is the map described in (j6.6p . 

In particular, if f is proper and birational and X is affine, then this yields a transforma- 
tion rule for the test ideal under proper birational morphisms. 

Proof. Certai nly T^{X,L- {Kx + A)) D ■^{T^{Z,f*{L - {Kx + A)))) in either case by 
ITheorem 6.71 

If X is proper over /c, then so is Z and so H^{Z, &z{\Kz + f*{L - {Kx + A))])) is a 
finite dimensional fc-vector space. It follows that T^{Z, f*{L — {Kx + A))) is the image of 
a single map 

H'> {Z\ i^z'{\Kz' + g*f*{L -Kx- A)])) -^ H'> (Z, irz{\Kz + f*{L - Kx - A)])) 

for some finite cover g : Z' — > Z. However, f o g : Z' — > X is also an alteration, and it 
follows that T^{X, L — {Kx + A)) is contained in the image of 

H^ {Z', ^z'{\Kz' + g*f*{L -Kx- A)])) ^^ H' {X, ff^{\Kx + L - Kx - A])) 

whose image is clearly Tr/ (r°(Z, f*{L - {Kx + A)))) . 

On the other hand, suppose X = Speci? is affine and observe that, without loss of 
generality, we may assume that Kx + A is effective. Set S = H^(Y, ^y) and define 
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Y — > X' = SpecS" — 7- X to be the Stein factorization of /. Now, the global sec- 
tions H°{Z,ffzi\Kz + f*{L - {Kx + A))])) can be identified with elements of us{L) 
because we assumed that Kx + A > 0. In particular, we have t{ujs,(3*{L — Kx — A)) C 
H%Z,i?z{\Kz-riL-iKx+A))])). BvitTr^ {T{ios,f3*iL-Kx-A))) = t{R,L-Kx-A) 
and the other containment follows. D 

Remark 6.9. In order to generalize the above result to arbitrary schemes, it would be helpful 
to know that the intersection defining T^{X,r) stabilized in general. 

7. SURJECTIVITIES ON COHOMOLOGY 



In this section we show how the vanishing statements obtained in [BhalOj and in lSection 5\ 
combined with the ideas of lSection 61 can be used to construct global sections of adjoint line 
bundles. We are treating this current section as a proof-of-concept. In particular, many of 
the statements can be easily generalized. We leave the statements simple however in order 
to demonstrate the main ideas. Consider the following prototypical application of Kodaira 
vanishing. 

Example 7.1. Suppose that X is a smooth projective variety in characteristic zero and that 
D is an effective Cartier divisor on X. Set ^ to be an ample line bundle on X. We have 
the following short exact sequence 



LUD 



'^\ 



D 







H\X,ujx®^)- 



^ ujx (^ -^ -^ ujx{D) (g) ^ 

Taking cohomology gives us 

O^H^{X,ujx0^) ^H^{X,iox{D)®^) ^H^{D,ujd®^\d 

Kodaira vanishing implies that H^(X,iOx (8) -Sf ) is zero and so 

H'^iX, ojxiD) (g) Jf ) ^ H\D, cod (E) if b) 

is surjective. 

Consider now the same example (in characteristic zero) but do not assume that X is 
smooth. 

Exam,ple 7.2. Suppose that X is a normal projective variety in characteristic zero and that 
-D is a reduced Cohen-Macaulay Cartier divisor on X. These conditions are enough to imply 
that the natural map ojx{D) — > ojd is surjective. 

Set ^ to be an ample (or even big and nef) line bundle on X. Choose vr: X — > X to 
be a log resolution of (X, D) and set D to be the strict transform of D on X. We have the 
following diagram of exact triangles in D^^^{X): 



> TT* (wj^ (g) -n*^) 



^■K^[UJ^{D)®TI*^) 



->7r* w 



D 



7r*^| 



D 



->0 



Rvr* ((jj^ O 7r*if ) yYlTT^{uj^{D) ^-n*^) > Rvr^w^ ® vr*^!^) 



-^OJX®^- 



^ux{D)®^- 



->WD (g)^| 



D 



->0 



The vertical equalities and the top right surjection are due Grauert-Riemenschneider vanish- 
ing |GR70] . Because X is not smooth, H^{X,ujx{L)) is not necessarily zero, see for example 
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[A J89j . However, H^{X, (tt^oj^^) (g)^) = H'^{X,ujji vr*^) is zero by Kawamata-Viehweg 
vanishing since Tr*L is big and nef, |Kaw821IVie82j . Thus we have the surjection: 

H\X, (TT^co^iD)) (8) ^) ^ H^iX, {tt.co^) (g) ^\d) , 

between submodules of H^{X,cJx{D) ® ^) and H^{D,u}d (^^\d)- 

Interestingly, tt-^ujt^ is independent of the choice of embedding of D into X since vr^o;^ is 
the multipher module for D by definition. Even more, H^{D,tt^:UJj^ C5 ^j/j) only depends 
on the pair {D,^\d). 

Furthermore, using the method of proof of lTheorem 8.31 below, it is easy to see that 

H^iD,TT.uj^^^\D)= n Image {H\E,ujE'S)f*^\D)^H\D,ujD^^\D)) 

where the intersection runs over all regular alterations /: E — > D. In light of lTheorem 6.71 
the susbpace H^{D, -K^fUj^ ® ^\d) may be viewed as an analog of T^{D, ujj^ ® ^\d)- This 
inspires the remainder of the section. 

In characteristic p > 0, Kodaira vanishing does not hold even on smooth varieties |Ray78| . 
However, we have the following corollary of |BhalOj . c/. Corollary 5.6 



Theorem 7.3. Suppose that D is a Cartier divisor on a normal proper d- dimensional 
variety X and ^ is a big and semi-ample line bundle on X . Using the natural map 

-i:H^{X,ujx{D)®^) -^H\D,ojd®^\d) 

one has an inclusion 

T\D,UJD ® ^\d) <Zl{T\X,ux ® ^{D))). 

In particular, if T^{D,ujd ® ^\d) + 0, then H^{X,ujx{D) ® if ) 7^ 0. And ifT^{D,ujD (S> 
^\d) = H^{D,ujd 'S> ^\d) then 7 is surjective. 

Proof. Using iLemma 6.^ set / : Y — > X to be a finite cover of X such that T^{X,ujx 'S> 
J^{D)) is equal to 



Image (M°(y,wf[-(i] ® f*^{D)) 



Tr, 



lf{X,uj-x[-d](^^{D)) 

noting that EI°(X,a;3^[-d] ® ^(D)) ^ H^{X,u}x <S) ^{D)). By [BhalOi Proposition 5.5.3], 
there exists a finite cover g: Z -^Y such that H'^-'^{Y, f*Sf-'^) -> H'^-^{Z,g* f*^'^) is 
the zero map. Therefore the dual map m^~'^ {Z , g* f* ^ (g> Uy) -> M.^-'^{Y,f*^ cox) is 
zero. 

Set Dy = f*D and Dz = g*f*D. Note that Dy or Dz may not be normal or even 
reduced, even if D is. They are however equidimensional. Then there is a map between 
long exact sequences: 



> H"'*(y, /'if i»cj-^) > M-~''{Y,f'Sf®uiYiDY)) > U^-'^(DY,f'Jf\D ^i^'o^) ^ U^-''{Y,f'^ i»ujy) 



■ n-''{X,J^(g)uj^) ¥ H-'^(X,^® ^^(D)) 



->■ M^-''{D,^\d (g)i^'o) 



> H°(X,^ ®ux) 



-> H°(X,^®ujx(D)) 



-> H°(D,Se\o ®ujd) 
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where the vertical equahties are obtained from the spectral sequences computing the middle 
lines. Note we identify / with its restriction floy- and g with g\Dz 

Choose the h : E — > Dz to be normalization of the {Dz)rcd find notice we have a map 

H\E,UJE ® h*g*r^\n) = M'-''{E,uje ® h*g*r^\D) 

^^ M^-^{D, u}j ® if Ifl) = H\D, UJD ® if Id). 

The image of this map contains T^{D,uj£)'^^\£)), and thus the image oiao/3 also contains 
r°(D,a;D(8)if Id). Therefore, if we view d G T°{D,ujd(S>^) as an element of EI^-'^(D,i^|D(8) 
uj'j^), it must have some pre-image z S M^~'^{Dz, j* £^\d ^ui'd )• The diagram implies that 
6{l3{z)) = 0. Thus I3{z) is an image of some element in y G H^{X, f*^ (>Si u;y{Dy))- It 
follows that i^(y) S T^{X,uJx ® ^{D)) and so d = 7(2^(2/)) which completes the proof. D 

Remark 7.4. If we knew that the intersection defining T^{X, L — Kx — A) stabilized, then 
the previous result could be generalized to arbitrary equidimensional schemes (not just 
those which are of finite type over a field). Even without this hypothesis, the argument 
above still implies that T^{D,oju i^l^) ^ i{H^{X,ojx{D) (g) if)). The same statement 
holds for [Theorem 7.6l 

Remark 7.5. We expect that one can obtain more precise surjectivities involving character- 
istic p > analogs of adjoint ideals. In particular, T^{X,ujx ® ■^) is not the right analog 
of the term H^{X,t:^:U:^{D)) appearing in Example 7. 2| above. 

We also show that this method can be generalized with Q-divisors. 

Theorem 7.6. Suppose X is a normal F-finite variety which is proper over a field k and 
that D is a Cartier divisor on X. Additionally, suppose that A is a Q-divisor on X with 
no common components with D and such that Kx + A is Q-Cartier. Finally suppose that 
L is a Cartier divisor on X such that L — {Kx + D + A) is big and semi-ample. Then the 
natural map 

H\X, ff^{\Kx+D + L-{Kx+D + A)-]) = H\X, ffx{\L - A]) 

^ H\D, &d{\Kd + L\d - {Kd + A|z))l)) = H\D, ffD{L\D - [AJ |d). 
yields an inclusion 

T\D, L\d - {Kd + A\d)) C 7 {T\X, D + L - {Kx + D + A))) 
noting that T^{D,L\d - {Kd + A|^)) C H^{D, i^D{\L\D - [AJ Id]))- 
Proof. Let us first point out that 7 is induced from the restriction map 

ffx{\Kx + D + L - {Kx + D + A)-\) 

-^&d{\Kx+D + L-{Kx + D + A)1 I^) = &d{Kd + L\d - {Kd + [AJ |d)). 

Now choose a finite cover h : W — > X, with W normal, such that h*{Kx + A) is an integral 
Cartier divisor and set Dw = h*D. Note Dw is not necessarily normal or even reduced (it 
is however unmixed and thus equidimensional). We have the diagram 

Ku;w{h*{D + L~ {Kx +D + A))) > Kud^ {h*{L - {Kx + D + A))) 

ujx{\D + L-{Kx + D + A)l) > iOD{\L\D - {Kd + A)] \d) 
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of which we take take global sections and then apply the method of Lemmas 16.31 and 16.51 to 
conclude that the image ^ (t'^ {Dw , (^ Dw "^ ^w{h*{L - {Kx + D + A))))^ is equal to 

(7.7) T\D, L\d - {Kn + Aj^)) C H\D, &d{Kd + L\n - {Kd + A|,,))) 

(7.8) C H'^{D,ujd{\L\d - {Kd + A)]!^)). 

Likewise T^{X, D + L- {Kx + D + A)) is the image of T^{W, h*{D + L- {Kx + D + A))). 
Thus it is sufficient to show that via the map 

H%W,u;w{h*{D + L-{Kx + D + A)))) -^ H'^{Dw,ujD^{h*{L - {Kx + D + A)))), 

each element of T^{Dw,ujdw ® ^w{h*{L — {Kx + D + A)))) is the image of an element 
of T^{W,ujw «) ffw{h*{D + L- {Kx + D + A)))). We have just reduced to the setting of 
ITheorem 7.31 and the result follows. D 

8. Transformation rules for multiplier ideals 

It still remains to be proven that the multiplier ideal in characteristic zero can be char- 
acterized as in our Main Theorem, for which we need to explore the behavior of multiplier 
ideals under proper dominant maps. We further analyze the behavior of multiplier ideals 
under alterations in arbitrary characteristic, which leads to an understanding of when (and 
why) the classical characteristic zero transformation rule (j2.4ip for the multiplier ideal under 
finite maps may fail in positive characteristic. 

Suppose that ^4 is a normal ring in arbitrary characteristic and that {X = Specj4,A) 
is an afRne pair such that Kx + A is Q-Cartier. As discussed in [Section 2A\ J{X;/S) is 
only known to be quasi-coherent assuming a theory of resolution of singularities is at hand. 
Nonetheless, it is always a sheaf of (fractional) ideals, and in this section we will use the 
notation J{A\ A) := H^{X, J{X; A)) to denote the corresponding ideal of global sections. 

An important and useful perspective, largely in the spirit of |Lip94| , is to view lDefinition 2.281 
as a collection of valuative conditions for membership in the multiplier ideal J {A; A). 
Specifically, suppose E \s a, prime divisor on a normal proper birational modification 
6: Z -^ X. After identification of the function fields K = Frac(^) = K{X) = K{Z), 
E gives rise to a valuation ord^; centered on X. The valuation ring of ord^; is simply the 
local ring &z,E- Thus, we have that J{A\ A) can be described as the fractional ideal inside 
oi K{X) given by 

J(A;A)= fl Gz,E{\Kz-e*{Kx + A)'\) 



9: Z—^X 
Prime E on Z 



feK 



ords(/) > ordE{[e*{Kx + A) - Kz\) 
for all 9: Z — > X and all prime E on Z 



We now show how to generalize the characteristic zero transformation rule for multiplier 
ideals under finite maps ()2.4ip so as to incorporate the trace map as in (j2.42p . Furthermore, 
by working in arbitrary characteristic, we also recover both of these transformation rules in 
positive characteristic for separable finite maps of degree prime to the characteristic. 

Theorem 8.1. Suppose that vr: SpecB = Y — > X = Spec^ is a finite dominant map of 
normal integral schemes of any characteristic and that {X,Ax) is a pair such that Kx+Ax 
is Q-Cartier. Define Ay = Ax — RaniTr- Then 

Tt{J{B;Ay))CJ{A;Ax) . 
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Furthermore, if the field trace map Tr: Frac(i?) — > Frac(y4) satisfies Ti{B) = A (e.g. the 
degree of vr is prime to the characteristic), then 

TtiJiB; Ay)) = J{B; Ay) n K{A) = J{A; Ax). 

Proof. Suppose / G J'{B;Ay). Fix a prime divisor E on a normal proper birational mod- 
ification 0: Z — > X. Consider the discrete valuation ring R = ffz,E, viewed as a subring 
of K(A), and let r E K{A) be a uniformizer for R. Denote by S the integral closure of R 
inside of K{B). Then S can also be realized in the following manner. Let W be the normal 
scheme fitting into a commutative diagram 




where p is finite and rj is birational (that is, take W to be the normalization of the relevant 
irreducible component of y xx Z). Let Ei, . . . ,Ek be the prime divisors on W mapping 
onto E. Then we have S = 0^=1 ^w,Ei^ where again we have considered each ffw,Ei as a 
subring of K[B). In particular, for g € K{B), we have g € S ii and only if ord^;. (g') > for 
all i = 1, . . . ,k. 

Let $ be a generator for the rank one free S*- module Homfl(S', R). If we write Tr : S" — > R 
as Tr( ) = $(c • ), we know from |ST101 Proposition 4.8] that div w{c) = Ramp so that 

oidEiic) = ordE,{Kw - P*Kz) ■ 

Let Xe = ordEilKz - 0*{Kx + A^)]) and consider g = cr^i^f. Since / € J{B;Ay), it 
fohows that ord£;,(/) + \Kw - ri*{KY + Ay)] > and hence 

ordEM > oTdE,{Kw - P*Kz + p* \Kz - e*{Kx + Ax)] - \Kw - V*{Ky + Ay)]) 
= ordE,{p*\-e*iKx + Ax)'\ - r-r/*(Ky + Ay)]) 
= ordE,ip*\-e*iKx + Ax)] - \-ii*iKY + 7T*Ax - {Ky - ^*i^x))]) 
= ovdE^{p*\-e*{Kx + Ax)] - \p*{-e*{Kx + Ax))]) 

>o. 

It now follows that g ^ S, and thus ^{g) = r^ Tr(/) G R. In other words, we have 

oidEiHg)) = ordi=;(Tr(/)) + ordE(r^^) 

= ordi=;(Tr(/)) + ovdEi\Kz - e*{Kx + Ax]) > 

and we conclude that Tr(/) G J{A; Ax) and thus Tr( J(5; Ay)) C J{B; Ax) as desired. 

Note that every divisorial valuation v : K[B) \ {0} — > Z centered on Y can be realized as 
V = oidE^ as in the setup above. Indeed, the restriction u to K{A) gives rise to a discrete 
valuation ring whose residue field has transcendence degree (dim(y) — 1) = (dim(X) — 1) 
over A; see |Bou981 Chapter VI, Section 8]. By Proposition 2.45 in |KM98j . this valuation 
ring can be realized as i?z,E for some prime divisor E on 9: Z — > X as above, so that 
u = ord^;. for some i. 

Let us now argue that J{A;Ax) ■ tt^^y ^ vr*J'(S; Ay). Suppose h G J{A;Ax). We 
have by assumption 

< oidEih) + oxdE{\Kz - 9*{Kx + Ax)]) 
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whence it follows from |Har771 Chapter IV, Proposition 2.2], that 

< oxdE,{h) + oxdE,{p* \Kz - e*{Kx + Ax)l) 

< oxdEAh) + ordi,,(Ramp) + ordi,, ( [p* (Kz - e*{Kx + Ax))l) 

= ords,(/i) + oYdE,{\Kw - r]*{KY + Ay)]) . 

Thus, we conclude h € J{B; Ay) and hence J[A] /S.x) ■ t^*^y ^ vr* J'(i?; Ay). 

Now assume in addition that the trace map is surjective, i.e. Tr(i?) = A. We have, using 
the surjectivity of trace at the third inequality, that 

J{A; Ax) C {J{A- Ax)-vr,^y)n^x ^ ^*J[B- Ay)n^x C Tr (^, J(B; Ay)) C J{A- Ax). 

This necessitates equality throughout, which completes the proof. D 

We now complete the proof of our main theorem. 

Corollary 8.2. Suppose that (X, A) is a pair in characteristic zero. Then 

J(X; A) = f^ Image (tt,&y{\Ky - vr*(Kx + A)]) -^ K{X)^ 
■K-.Y — yx 
where vr ranges over all alterations with Y normal, Tr: K(Y) — > K{X) is the field trace, 
and we have that Ky = tt*Kx + Ram^ wherever vr is finite. 

Proof. Because of the existence of resolution of singularities in characteristic zero, we may 
assume that each Y is smooth and that Ky — tt*{Kx + A) is supported on a simple normal 
crossings divisor on Y . First consider a finite map /: W — t- X with W normal (note that 
we are in characteristic zero, so the map is separable). If we pick a representative Kx such 
that i^x{Kx) = ^x and also pick K^ = f*Kx + Ramj, then we recall from [Example 2^2 



that the field trace Tr: K{W) — > K{X) induces a map Tr: ffw{Kw) — > ^x{Kx) which is 
identified with the Grothendieck trace Try : /*wvF — > ^x- 

Fix any proper dominant map vr : Y — > X. Factor vr through a birational map p: Y — > W 
and a finite map /: W — > X with W normal via Stein factorization. Thus Tr^wy — > lox 
factors through Tr: f^uJw — ^ '^x- R follows that 

■K^&Y {Ky - Tr*{Kx + A)) -^ K{X) 

factors through Tr : K(W) — > K{X). Furthermore, p^^y{Ky—'^*{Kx+^)) is by definition 
the multiplier ideal J'{W;A\y) where A\y = /*A — Ramj, since Y is smooth. Thus, 

Image fvr^^y (Jfy - 'k*{Kx + A)) -^ K{X)) is simply Tr{p^J{W; Aw))- But that is equal 

to J{X; A) by ITheorem 8.11 D 

Finally, we turn our attention to the behavior of the multiplier ideal under proper dom- 
inant maps in characteristic zero. 

Theorem 8.3. If {X,A) is a log-Q-Gorenstein pair in characteristic zero, then 

J{X;A) = fl Image (h''''^'' "'''''' ""Rtt^^yHKy - 7r*(i^x + A)]) ^^ KiX) 

n:Y >X 

where the intersection runs over all proper dominant maps from normal varieties Y . Note 



the map to K{X) is induced from the trace map as in Proposition 2.18. 



Proof. We may restrict our maps vr : Y — > X to those maps where Y is regular and which 
factor through a fixed regular alteration / : Z — > X such that f*{Kx + A) is an integral 



Cartier divisor. Thus by Corollary 8.2, it is sufficient to show that 



j^dimy-dimXj^(^ o p),i^Y{KY " 7r*{Kx + A)) -^ h^Kf,u;z{-f*iKx + A)) 
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is surjective on global sections. However, by the statement of |Kov001 Theorem 2], first 
correctly proved in full generality in [BhalOl Theorem 4.1.3], the natural map Gz — ^ Rp*(^y 
splitqj in the derived category, and thus so does 

R/*Rp* (wy[dimy] ® Gy{t^*{Kx + A))) -> R/, (^^[dimZ] ® Gz{r{Kx + A))) . 

In particular, taking — dth cohomology yields the desired surjection on global sections. D 

9. Further questions 

This theory suggests a large number of potential directions for further inquiry. We 
highlight a few of the more obvious ones below. 

Question 9.1 (Mixed characteristic). What can be said in mixed characteristic? In partic- 
ular, does the intersection from our Main Theorem stabilize for schemes in mixed charac- 
teristic? 

We have learned that M. Hochster and W. Zhang have made progress on this question 
in low dimensions for isolated singularities. 

Question 9.2 (Adjoint ideals). Can one develop a characteristic theory analogous to the 
theory of adjoint ideals, c/. |Laz041 9.3.E] or |Tak08| . described via alterations or finite 
covers? 

The characterization of test ideals, as well as F-regular and i^-rational singularities sug- 
gests the following: 

Question 9.3 (F-pure singularities). Can F-pure (or F-injective) singularities likewise be 
described by alterations? 

Finally, we consider the following question: 

Question 9.4 (Effectivity of covers and alterations) . Given a pair {X, A) , how can we identify 
finite covers (or alterations) vr : Y — > X such that 

r (X; A) = Image ( [vr, &y {Ky - vr* {Kx + A)] ) ^^ K{X))1 
In other words, can we determine when the intersection from our Main Theorem stabilizes? 

We do not have a good answer to this question. The key point in our construction is 
repeated use of the Equational Lemma jHH92[ |HL07[ [SS12] . The procedure in that Lemma 
is constructive. However, this is not very satisfying. It would be very satisfying and likely 
useful if one had a different geometric or homological criterion for identifying vr : Y — > X 
as in the question above. 
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